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Table A List of scientific terms, concepts and principles used in Unit 4 
-———_ 


Introduced in earlier Units 
or assumed from general 


Introduced or developed 


knowledge (GK) Unit in this Unit Page 
= 
acceleration a 2 angular momentum L 37 
acceleration due to gravity g 23 central force 36 
angular speed œw 2 centre of gravity 33 
anticlockwise, clockwise GK | complete mechanical 
centre of mass 3 equilibrium 14 
components of a vector 2 condition for translational 
conservation of energy 3 equilibrium 6 
conservation of momentum 3 conservation of angular 
derivative 2 momentum 38 
ellipse GK | conservative force 36 
energy E 3 dynamic friction 18 
energy transfer 3 equilibrium conditions 14 
force F 3 focus of an ellipse 39 
friction 3 friction 18 
gradient 2 gravitational constant G 24 
gravitational potential energy gravitational potential 
ee 3 energy 26 
inertia 3 Kepler’s laws of planetary 
jouk] 3 motion 38 
kinetic energy Eķin 3 ae 2 A 
R 3 mechanical advantage € 22 
moment ofinctiaT 3 neutral equilibrium 15 
momen Bap 3 Newton’s law of universal 
newton N 3 A a a 
Newton’s laws of motion 3 poser ey $ 2 
s A : relationships between force 

orbits, orbital motion GK and potential energy 27,30 
parabola GK,2 | right-hand rule 13 
pivot GK rotational equilibrium 8,12 
plangi GK;1 | stable equilibrium 15 
potential energy Epot 3 “| static equilibrium 14 
pulley GK static friction 19 
satellite GK | terminal velocity 6 
scalar products of vectors 3 torque F 9.13 
speed [a 2 translational equilibrium 6 
Ta e (for vector 2 unstable equilibrium 15 
e HRS 2 vector product (a x b) 13 
unit vector, e.g. (r/r) 2 
vector 2 
velocity v 23 
weight 3 
work 3 


Study guide 


When planning your work on this Unit, it would be useful to allow about four hours 
(out of the nominal ten hours required for the whole Unit) for the study of Section 1. 
Section 2 is shorter and easier and should only take about two hours, and the 
balance of about four hours should be spent on Sections 3 and 4. 


There are no complicated home experiments requiring instruments or equipment. 
However, you are asked to do a few exercises with ordinary objects like doors, books, 
coins and sheets of card. Do not skip these, even if you feel that you know the answers 
beforehand! There is nothing better than a little bit of experimentation to help you 
in fixing the theoretical conclusions in your mind. 


Note that the associated TV programme (TV4 Which way to turn?) is an integral 
part of Section 4 and that it carries the teaching about angular momentum. Only a 
short summary of definitions and statements is printed in Section 4.1. It is essential 
that you view the programme unless you already know all about angular momentum 
from elsewhere. However, it does not matter very much when you view it although it 
would be marginally preferable to read through the Main Text first. 


Finally, you should note that vector notation will be widely used in this Unit, just 
as it was in Units 2 and 3. Vector quantities are printed in bold type (F, », a, etc.) 
and scalar quantities, including the magnitudes of vectors, in ordinary italic type 
(F, v,m, t, etc.). When writing, it is important that you clearly distinguish vector quanti- 
ties by putting a curly line underneath the symbol (F, v, a, etc.). 


Introduction 


This Unit is the last instalment of the Block dealing with Newtonian mechanics. In 
the first two Sections it draws heavily on Units 2 and 3, particularly when discussing 
situations in which the forces acting on objects are in balance, i.e. in equilibrium. 
Although Section 1 may at times appear rather theoretical, Section 2 has obvious 
practical aspects. 


In Section 3 there is an important change of emphasis, although we still remain 
within the topic of mechanics. This changed emphasis can best be appreciated by 
looking back on Units 2 and 3. Unit 2 concerned the ways and means of describing 
how objects move. Unit 3 asked why objects move, and answered this question in 
terms of Newton’s laws of motion, which relate forces and accelerations. But nothing 
specific was said about the physical nature of the forces that accelerate objects. 
Newton’s laws of motion are in this sense completely abstract and general; the nature 
of the forces is irrelevant. Newton himself realized the importance of a detailed 
knowledge of forces, and made another all-important contribution to the foundations 
of modern science by formulating the theory of universal gravitation. 


In Section 3 you will be introduced to this theory and in Section 4 to some of its 
applications in the understanding of planetary systems. This part of the Unit not only 
rounds off the foundations of mechanics, but also forms a bridge to Unit 6, where you 
will meet and study other important forces of nature, namely those connected with 
electric charges. 


Mechanical equilibria 


The introduction to Unit 2 emphasized that the world around us is in motion. You 
may have felt at the time that this was perhaps an overstatement, that alongside the 
examples of matter in motion you could list as many examples of objects at rest (the 
furniture in your room, your house, all the other buildings around, the chimneys and 
the pillar boxes, parked cars and so on). Indeed, it may have seemed to you that the 
state of rest is more natural than the state of motion, since it is usually necessary to 
apply some kind of effort to get things moving. So, why did we start the study of 
mechanics by looking at objects in motion, rather than looking at objects at rest? 
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1.1 Objects at rest 


The state of rest appears to our senses as something intrinsically simple, but appear- 
ances are deceptive. As soon as you attempt to explain why an object is at rest, you 
begin to realize that, in terms of mechanics, the state of rest can be more complex 
than uniformly accelerated motion. 


In order to appreciate this seemingly paradoxical statement, consider, for example, 
the motion of a stone dropped from some hei ght above the Earth’s surface. What are 
the forces acting on it? The force due to the resistance of the air is small, and it can 
be eliminated altogether by conducting a free-fall experiment in a closed vessel from 
which the air has been pumped out. The forces due to the gravitational attraction of 
the stone towards all other objects in the Universe cannot be eliminated, but all 
such forces are negligible in comparison with the force of the Earth’s gravity. The 
motion of a stone, falling freely towards the Earth, can therefore be described and 
understood in terms of a single force—the force of gravity due to the mass of the 
Earth. 


When the same stone is sitting motionless on the ground, the same gravitational force 
is still acting on it. So why is the stone at rest, and why is it not falling any more? 
In order to explain the state of rest in terms of Newton’s laws (Unit 3), we must accept 
the existence of another force, whose action exactly cancels out the force due to 
gravity. The state of rest does not come about from the absence of forces; it results 
from a balance between two (or more) different forces. This is why we studied the 
relationship between forces and motions first, before considering objects at rest. 


ITQ1_ A brick of mass 1.5 kg is rested in turn on three different springs A, B 
and C (Figure 1). When not loaded, all three springs are of the same length 
l = 10 cm. The brick compresses spring A by 1 cm, B by 2 cm, and C by 4 cm. 
What are the forces F,, Fy and Fo that each spring exerts on the brick? (Take 
g=9.8ms 7.) 


Figure 1 A brick at rest on various springs. 


The three springs A, B and C in ITQ 1 were clearly different, because they were 
compressed differently by the same force (the weight of the brick). The differences 
between them could have been either chemical (different materials) or physical 
(different diameter of the wire), or a combination of both. But in each case the brick 
is at rest on the compressed spring, and so the following condition must be true: 


weight of the brick = — force exerted by the spring 
In mathematical symbols this condition can be written as 


mg = she 
or mg + F,=0 


A brick at rest on a spring is, of course, only one particular example of the state of 
rest. The same result is found by analysing any other state of rest. This can be 
summarized in a general statement 


When an object is at rest, the sum of all forces acting on it is zero. 


ITQ2 Isit possible to reverse this statement? That is, would it be true to say 
that when the sum of all forces acting on an object is zero, then the object is at 
rest? (Hint: Can you reverse the statement ‘All O.U. students are hard-working 
people’?) 


1.2 Objects in uniform linear motion 


You should have had no problems with ITQ 2, if you understood the meaning of 
Newton’s first law properly. An object that is moving at a constant velocity is, as far 


1.3 


as forces are concerned, similar to an object at rest. To illustrate this point by practical 
example, consider first a parachutist jumping from a stationary balloon. He starts his 
motion downwards in free fall; if there were no air resistance (Figure 2a) his down- 
ward velocity would increase by about 9.8 m s~ 1 ineach second. However, the friction 
due to the air provides an upwards force F, acting against the weight mg (Figure 2b). 


v/m s`" A 
JAN no air 
z resistance mg 


50 4 x = 
(b) with air resistance fF 


parachute closed ff 
[re 


(c) with air resistance 
parachute open 


Figure2 (a) Inthe absence of air resistance, a free-falling parachutist would have a con- 
stant acceleration g of magnitude 9.8 m s~’. 

(b) Air resistance reduces the acceleration as the velocity increases, and at the terminal 
velocity the acceleration is zero. 

(c) The parachute provides greater air resistance, so the terminal velocity is smaller. 


The magnitude of F increases with the velocity of the fall until a balance is reached 
when F = —mg. The net force is now zero, but the man is not at rest. He continues to 
fall at a constant velocity, generally known as the terminal velocity »,. Without the 
use of a parachute, the sinister ring of this term would be fully justified, since », 
would be approximately 50 m s~ +. Fortunately, an open parachute increases the air 
resistance, so that the upward force balances the weight at a very much smaller 
terminal velocity, about 6 m s~ + (Figure 2c). In both cases, however, the motion 
continues at a constant (terminal) velocity, even though the net force is zero. 


For another example of uniform linear motion, consider a puck propelled-across a 
perfectly smooth horizontal surface by a compressed spring (Figure 3). Initially the 
puck is at rest. There is no force from the spring, which is held compressed by a catch. 


M TT 
ALA itakda 


OAS O bs 


There are, however, two other forces of equal magnitude and opposite direction : the 
downward force due to gravity (the weight of the puck) and the upward reaction force 
provided by the strain in the surface supporting the puck. When the catch is released, 
the spring expands and accelerates the puck. The propelling force of the spring acts up 
to the moment when the puck loses contact. After that, there is no longer any force in 
the horizontal direction. In the ideal case of no friction, the puck would continue 
to move forever at the constant velocity to which it was accelerated when it left the 
spring. The overall sum of all forces acting on the puck is zero both before the release 
and after the puck leaves the spring. Yet initially the puck was at rest, whereas after 
leaving the spring it is moving with a constant velocity. 


This should be sufficient to convince you (if you still needed convincing) that, from 
the point of view of the forces acting, there is no distinction between the state of rest 
and the state of uniform linear motion. In both cases the sum of all acting forces is 
zero and the velocity is constant. 


Translational equilibrium 


An object is said to be in translational equilibrium, if it has constant velocity. This 
includes the possibility v = 0. Thus the new term translational equilibrium is just a 


terminal velocity 


Figure3 A puck on a frictionless horizontal 
surface (a) at rest, and (b) moving at constant 
velocity 


translational equilibrium 


convenient shorthand that replaces, or rather subsumes, the two states of motion 
discussed above.* Using this terminology, we can now summarize our discussion so 
far into a single statement, known as the condition for translational equilibrium: 


An object is in translational equilibrium if and only if the sum of all forces 
acting on it is zero 


2 F,=0 (1) 


A few comments may clarify the meaning of this statement: 


(1) 2 F,is a shorthand for the sum of the forces acting, i.e. 


2 F, = F, + F, + F, +... all other forces acting 


(2) The formulation if and only if is a standard expression representing two possible 
directions in which the relationship between the state of motion and the forces must 
be considered. It means that 


if translational equilibrium is observed, then the sum of the 
forces must be zero, and 


if the sum of the forces is known to be zero, then the object 
must be in translational equilibrium. 


(3) Note that up to now we have considered linear motion only. The problem of 
equilibrium in rotational motion will be taken up in the following Sections. 


The condition for translational equilibrium can also be expressed in terms of the 
components of the forces. If the total (vector) force is zero, then it must also be true 
that the sum of the force components in any particular direction is zero. In other 
words, for translational equilibrium 


sum of x-components of forces = 0 
sum of y-components of forces = 0 (2) 
sum of z-components of forces = 0 


This alternative statement of equation 1 is the form in which the condition for 
translational equilibrium is most often used to solve problems. 


SAQ1 Figure 4 shows the three forces acting on a crate that is being lowered 
into a ship’s hold. F, is the weight of the crate, and F 2 and F, are the forces 
exerted by two ropes. 


(a) (b) 


* The special term static equilibrium will be used later to distinguish the state of complete rest, 
i.e. no translation and no rotation. 
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condition for transferred equilibrium 


Figure4 (a) The three forces acting on 
the crate are its own weight and the tension 
forces in the two ropes. 

(b) The vectors representing the three 
forces on the crate. 


1.4 


(a) Use equation 2 to determine whether the crate is in translational 
equilibrium. 

(b) Use the technique of triangle addition of vectors (introduced in Unit 2) to 
draw in the force (F, + F3) on Figure 4. Compare this force with F}. Does the 
comparison indicate that the crate is in translational equilibrium? 


(c) Use triangle addition to draw in the forces (F, + F3) and (F, + F3). 
Do these forces indicate that the crate is in translational equilibrium? 


SAQ2_ An oil rig is being towed by three identical tugs. All three towing ropes 
are attached at the same point and the two outside ropes are at angles of 30° 
with respect to the central one. Each tug pulls witha force of the same magnitude 
Fy = 1.5 x 10° N,and the rig is moving at a constant velocity, |v| = 0.3 m s~ !. 


(a) Draw a vector diagram showing the three forces due to the tugs and the 
resultant force Fp on the rig due to the three tugs. 


(b) What is the magnitude of FR? 
(c) Can you calculate the mass of the rig from the information you have? 


(d) How much energy is transferred to the rig over a distance of 10 km? 
What happens to this energy? 


SAQ 3 Four different forces F,, F,, F, and F, pull simultaneously at the 
centre of mass of a rigid object. The object is observed to remain at rest. Which 
of the following statements and equations must be true? 


(a) Fi +F,+F3;+F,=0 

(b) F, + F, = —(F3 + F4) 

(c) F, +F: =F; +F, 

(d) |F, + F2| = |F; + F4| 

(e) |F; + F2| =|F3| + |Fa| 

(Remember, the modulus symbol |.. .| means the magnitude of the vector en- 


closed by the symbol. Thus |F, + F | means the magnitude of the vector 
(F, + F2) that is obtained by adding F, and F,.) 


Objects in uniform circular motion 


Up to this point we have restricted ourselves to objects moving along straight lines, 
but you know already that there are other forms of motion (Unit 2, Section 4). 
Consider, for example, a simple merry-go-round in a playground. It is (ideally) a 
perfectly symmetrical object, with the centre of mass within the central shaft about 
which it rotates. In a fixed frame of reference (defined, for example, by the walls of 
the park) the merry-go-round as a whole can be said to be at rest, since its centre of 
mass is stationary. Yet it clearly is not motionless when being used for the purpose 
for which it was designed ! 


An almost identical example is the turntable on a record player. Once again, the 
centre of mass is at rest, but the turntable rotates about a spindle at the centre. In this 
second case, it is particularly important that the turntable should rotate uniformly. 
Using the terminology introduced in Unit 2, uniform rotation means that the angular 
speed œw is constant, that is 


w = — = constant, 


where d6/dt is the rate of change of the angular position 0, measured to some 
reference line going through the centre of the turntable (Figure 5). 


In the preceding Section we introduced the term translational equilibrium to 
describe the state of an object that is moving with constant linear velocity, i.e. in a 
constant direction and at a constant speed. By analogy, we can introduce the term 
rotational equilibrium to describe the state of an object that rotates about some axis of 
constant direction at a constant angular speed.* We have established before that 
translational equilibrium exists when the vector sum of all forces acting on the object 


* Constant angular speed includes zero angular speed; an object that does not rotate at all 
is also in rotational equilibrium. Note also the emphasis on the constant direction of the axis 
of rotation. An object whose axis of rotation tilts or wobbles about is not in rotational 
equilibrium even if the angular speed is constant. 


rotational equilibrium 


is zero (equations 1 and 2). Does the same condition also guarantee a state of rota- 
tional equilibrium? 


angular speed 


1.5 The turning effect of forces 


1.6 


It is not difficult to see that the condition expressed by equation 1 (2 F; = 0) does not 


guarantee the preservation of rotational equilibrium. When a helmsman at the wheel 
of a ship needs to make a sudden manoeuvre, he may well grab the wheel with his 
hands on opposite spokes and apply two forces of equal magnitude and opposite 
direction (Figure 6). The vector sum of the two forces is zero (equation 1 is fulfilled), 
but the wheel starts to rotate. The two forces produce a turning effect, which disturbs 
the initial rotational equilibrium of the wheel. 


This particular example was chosen to demonstrate that a turning effect, leading toa 
change of angular speed, can exist even if the vector sum of forces is zero. It would, of 
course, be possible to turn the wheel by using just one hand. But your experience from 
parking cars should remind you that you can turn the wheel more easily by using both 
hands in the manner shown in Figure 6. In other words, the turning effects of the two 
forces F and — F reinforce each other, even though F + (—F) = 0. Of course if the 
helmsman (or you, when parking) applied two identical forces F to the ends of opposite 
spokes, there would be a total force of 2F pulling at the centre of the wheel, but the 
two turning effects would cancel out. 


The turning effect of a force is given the name torque, and is represented by the symbol 
T. From the observations just mentioned we can conclude that if an object is to 
remain in rotational equilibrium, the various forces acting must not produce any net 
torque. However we have some way to go before we can formulate this condition 
properly. First we must understand how torques are related to forces. 


Torque about a fixed axis 


In order to keep things simple, we shall for the time being consider only torques due 
to forces acting on rigid objects that can turn about a fixed axis of rotation. The axis of 
rotation may sometimes go through the centre of mass of the object (e.g. a metrry-go- 
round or a gramophone turntable), but this is by no means always the case. Most 
doors, for example, rotate about an axis that is far from their centre of mass. 


We shall specify the point where the force F acts by a vector r that is perpendicular to 
the axis of rotation and is directed from the axis towards the point of action of the 
force (Figure 7). We call r the position vector of the point at which the force acts. We 
shall assume initially that the direction of F lies within a plane perpendicular to the 
axis of rotation, and at an angle « with respect to r. 


As a simple practical example, consider a horizontally hinged trap door that covers 
the entrance to a loft. Such a door has a constant weight mg, which can be thought of 
as acting at the centre of mass (which coincides with the geometrical centre if the door 
is of homogeneous composition and regular shape).* 


* In Section 3.5 we will examine in more detail the assumption that the gravitational force 
mg effectively acts at the centre of mass. 
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Figure 5 The turntable of a record player is 
in rotational equilibrium—it rotates with a 
constant angular speed w = d0/dt (=3.5 
radians per second for a 333 r.p.m. record). 


Figure 6 A wheel turned by two forces of 
equal magnitude and opposite direction. 


torque vector T 


axis of 
rotation 


Figure 7 A rigid body that can rotate 
about a fixed axis. The plane defined by the 
force vector F and the position vector r of 
the point at which the force acts is per- 
pendicular to the axis of rotation, and a is 
the angle between the extended direction of 
r and the direction of F. 


The weight mg is a constant force acting at a constant distance from the hinge. 
Is the torque about the hinge due to the weight the same, whatever the position 
of the door? 


No. But please do not take my word for it! Spend a few minites trying to sup- 
port a trap door in various intermediate positions between vertical and hori- 
zontal. (Alternatively you could use a drop leaf of a dining table, or a hinged lid 
of a trunk or a largish suitcase.) Assuming that your supporting force F is 
always applied perpendicularly to the plane of the trap door and at the same 
point, the magnitude of F will depend on the position of the door, and this 
indicates that the torque due to the weight depends on the doot’s position. 


To analyse this situation more carefully, refer to Figure 8. The weight mg is a constant 
force, but the angle « between the position vector r, of the centre of mass and the force 
mg changes from « = 90° (horizontal) to « = 0° (vertical). When g = 0°, the weight 
produces no torque at all, it simply pulls down on the hinge. Hence no other force is 
needed to keep the door steady in this position (F = 0). As the angle « increases, it 
becomes progressively harder to support the door. This can only be explained by 
accepting that the torque due to the weight increases as the angle « increases. 


(b) 


From the viewpoint represented in Figure 8 the torque due to the weight mg turns the 
trap door clockwise. In order to hold the door steady, the supporting force F must 
provide a compensating anticlockwise torque. This shows that torques cannot be fully 
specified by their magnitudes; it is also important to know their directions. In other 
words, torques are vectors. We shall return to the vector nature of torques in more 
detail later. In the meantime, just note that whenever the trap door is held stationary 
(rotational equilibrium with œ = 0) the two torques acting on it, namely I’, due to the 
weight and I’, due to the supporting force, cancel each other out. This means that 
vectors l, and I’; must be in opposite directions (corresponding to clockwise and 
anticlockwise turns) and that their magnitudes must be equal: F, = Tp. 


However, we have not yet tackled the question of how to measure the magnitudes of 
torques. In other words, we need to find out how I’ depends on the magnitudes of both 
r and F, and on the angle « between r and F. 


From everyday experience you know that if you are trying to undo a very tight nut by 
exerting a force at 90° to the end of a spanner, there are two ways to increase the 
torque that you apply: you can either increase the force (using the same spanner), 
or you can use a longer spanner. This indicates that the magnitude of the torque 
increases when F increases and when r increases. These observations are both con- 
sistent with the following definition for the magnitude I of the torque in the case when 
the force F is applied perpendicular to position vector r: 


I =rF, if F is perpendicular to r (3) 


Applying equation 3 to the trap door supported in the horizontal position (Figure 8), 
we can write 
Ir,=r.mg and I, =2r,.F 
Because the two torques balance out, their magnitudes must be equal, i.e. T, = Tp, 
and therefore 
F = mg 
This shows that the supporting force required for rotational equilibrium in the 


horizontal position is only half of the weight of the door. Of course, the door is also in 
translational equilibrium, and so the net force acting on it must be zero. This means 


10 


(c) 


mg 


Figure 8 Supporting a trap door at various 
angles (view along the fixed hinge). 
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that the downward force mg at the centre is balanced by two equal upward forces at 
the extreme edges of the door, one of which is provided by your hand (or by the catch 
that holds the door shut), and the other by the hinge. 


Equation 3 only defines I for the case when r and F are perpendicular. We need to 
modify it so that it can describe how I depends on the angle « between r and F. The 
general definition of the magnitude I of the torque caused by a force F acting at a point 
with position vector r from a fixed axis of rotation is 


rT =rF sing (4) 


where g is the angle between the vectors r and F. This general definition is consistent 
with equation 3, since when the force is perpendicular to the position vector, sin x = 
sin 90° = 1. Itisalso consistent with the fact that when the force is in the same direction 
as the position vector r (i.e. x = 0°, sin « = 0), or in the opposite direction to the 
position vector (i.e. = 180°, sin « = 0), then there is no turning effect, so that the 
torque is zero. Moreover, the sin æ factor in equation 4 indicates that the torque 
increases smoothly as « increases from 0° to 90°, which is in accordance with your 
experience of the increase of the force required to support a trap door as it is pushed 
upwards. 


We will now make a few more comments about the vector nature of torque. In the 
previous Units you have become used to the idea of representing vector quantities 
(such as velocity, force, acceleration and displacement) by arrows, whose lengths 
correspond to the magnitude of those quantities, and whose directions correspond to 
the direction of those quantities. With torques we seem to havea problem, since we are 
now describing a turning effect, and this cannot be visualized so easily in terms of 
straight arrows. 


We get round this problem by representing the torque T acting on a rigid object bya 
straight arrow, whose length is determined by equation 4 and whose direction is either 
‘up’ or ‘down’ along the axis of rotation. Of course, ‘up’ and ‘down’ are relative 
concepts, and to avoid mistakes and ambiguities we must accept some convention 
about the relationship between the direction of the arrows and the sense of rotation. 
The convention that we shall use is that if the torque Facts anticlockwise, when viewed 
along the axis of rotation, then the arrow representing I points towards the observer, 
as shown in Figure 9a, and we will call this a positive torque. Conversely, if the torque 
has a clockwise turning effect when viewed along the axis of rotation, then the vector I” 
points away from the observer (Figure 9b), and we will call this a negative torque. 


Thus we can say that positive torques have an anticlockwise turning effect and negative 
torques have a clockwise turning effect. 


l 


These conventions are, of course, quite arbitrary. It would be just as valid to define axis of axis of 

FE ; . . 4 : uea rotation rotation 
positive torques as having a clockwise turning effect. The only important thing is that, 
once agreed, such conventions must be used consistently. Figure 9 A convention for the direction of 


the torque vector I. 


SAQ4 What are the physical dimensions of torque, and what are the SI units 
in which it should be measured? 


SAQ5_A trap door of uniform thickness and composition weighs 20 N and 
is of a square shape of 1 m side. What is the torque I, about the hinge due to the 
weight of the trap door when the door is held steady at an angle of 60° to the 
vertical direction? What is the magnitude of the supporting force F applied at 
the outer edge of the door and perpendicular to the plane of the door? (Refer 
to Figure 8.) 


SAQ6 Imagine a pigeon sitting on the minute hand of Big Ben (Figure 10a), 
and assume it has enough patience to stay put for a whole hour and enough 
skill to hang on to the hand when it points downwards. 


(a) At what positions of the minute hand would there be zero torque about 
the central shaft of the clock due to the weight of the pigeon? 


(b) When would the torque have the largest positive value? 
(c) When would the torque have the largest negative value? 


(d) Would the largest positive and negative torques be of the same mag- 
nitude? 


(e) Use Figure 10b to sketch out a diagram that shows how the torque changes 
with time, starting from t = 0 when the minute hand points to XII, and keeping 
in mind the conventions for the sign of the torque. 
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1.7 


1.8 


E eae 
15 30 45 60 
time / minutes 


torque / arbitrary units 


(b) 


The condition for rotational equilibrium about 
a fixed axis 


In considering the case of a trap door held at rest, we have assumed that rotational 
equilibrium is achieved because of the balance between two torques, one due to the 
weight of the door, the other (of opposite direction and equal magnitude) due to the 
supporting force provided by a hand. 


If a rigid object, instead of being held stationary, rotates about a fixed axis at a 
constant angular speed, it must also be true that there is no net torque acting on it. 
An ideal, completely frictionless, turntable would continue to rotate at constant speed 
c, once it had been set rotating, and no torque would have to be applied to maintain 
the rotation. A more realistic turntable has some friction in the shaft and friction 
between the stylus and the record. These cause torques that tend to slow the turntable 
down, and the motor must provide an equal torque in the opposite direction to keep 
the angular speed constant. 


We can therefore formulate a condition for rotational equilibrium in a form similar 
to the condition for translational equilibrium (equation 1): 


A rigid object is in rotational equilibrium about a fixed axis if and only if 
the (vector) sum of all torques about that axis is zero 


ig Sree (5) 


As discussed in the previous Section, for a rigid object with a fixed axis of rotation, 
each torque acting on the object has one of the two possible directions, corresponding 
to a clockwise or an anticlockwise turning effect about the axis. So equation 5 can be 
interpreted as meaning that the sum of all positive torques (turning anticlockwise) 
must have the same magnitude as the sum ofall negative torques (turning clockwise). 
Our next step will be to generalize the definition of torque in order to allow for 
situations in which the axis of rotation is not rigidly fixed. 


A more general definition of torque 


Objects such as roundabouts, turntables and doors have their axes of rotation fixed 
by their construction and installation. But there are situations where the direction of 
the axis of rotation is not fixed in this way. Consider, for example, a cyclist travelling 
initially at a constant speed in a straight line. In this case the wheels are turning in a 
vertical plane with constant angular speed and are therefore in rotational equilibrium. 
What happens when the cyclist tilts his body to the left or to the right? The weight of 
the cyclist now creates a torque that turns the plane of rotation of the wheels away from 
the vertical. In other words, the axis of rotation is changing direction; the wheel is no 
longer in rotational equilibrium. 


A general condition for rotational equilibrium requires a new definition of torques, 
one that is not restricted to a rigidly fixed axis of rotation as in equation 5. Instead of 
defining the position vectors r of acting forces with respect to a fixed axis (as we did in 
Section 1.6) we define them with respect to some suitably chosen reference point. This 
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Figure 10 A pigeon sitting on the minute 
hand of Big Ben exerts a torque about the 
central shaft. 


reference point can, in principle, be chosen quite arbitrarily; it does not matter 
whether it is inside or outside the object on which the forces are acting. The only 
thing which matters is that all position vectors of acting forces must be taken from 
the same point. 


Definition of the torque vector T 


Let O be a chosen reference point. Let F be a force acting at a point whose position 
vector from O is r, as shown in Figure 11a. Then the torque T is a vector at O, whose 


magnitude is rF sin a, where « is the angle between r and F. , and whose 


direction is perpendicular to the plane containing the two vectors r and F , and 
specified by the right-hand rule, which is described in Figure 11b. 


(a) (b) 


plane containing 
vectors r and F 


(c) 


a x b 


You are probably feeling (quite rightly) that this definition of torque, although clear 
and unambiguous, is somewhat long-winded. Would it not be nice to agree on some 
kind of shorthand notation, that could be used every time a new torque needs to be 
specified? It would be understood that the meaning of such a shorthand notation 
would be exactly as described in the definition, but there would be no need to repeat all 
the words every time. 


Since our definition of torque is based on two vectors r and F , combined in such a 
way that the result is also a vector, it makes sense to say that torque is a vector product 
of r and F. This is usually written down as* 


T=rxF (6) 


We use a bold multiplication sign x for the vector product to make it clear that it 
is different from ordinary multiplication. You should make this same distinction when 
you write down vector products. Let me emphasize yet again that equation 6 is only a 
shorthand for the definition given above. Namely, F is a vector at a point O from 
which r is measured, with magnitude rF sin a, perpendicular to the plane containing 
r and F, with its direction specified by the right-hand rule. 


This definition of a vector product can be generalized to any other pair of vectors. 
Vector products are needed not just in mechanics, but even more so in the theory of 
electromagnetism (not to mention pure mathematics). So, in general, a vector product 
of any two vectors a and b is defined as a vector, whose magnitude is ab sin ~ and whose 
direction is perpendicular to the plane containing a and b and specified by the right- 
hand rule, as shown in Figure 11c. Our definition of torque is, therefore, only one 


* When writing the symbols for the vector quantities in equation 6, you should use curly lines 
underneath, that is [ = r x F. 
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torque vector I 


right-hand rule 


Figure 11 (a) The torque produced by 
force F about point O is a vector F at O 
that is perpendicular to the plane 
containing F and the position vector r. 

(b) The direction of F can be determined 
by applying the right-hand rule. First, point 
the straight palm and fingers of your right 
hand in the direction of the position vector r. 
Secondly, keeping your palm and fingers 
pointing in this direction, turn your wrist 
until you can bend your fingers to point in 
the direction of the force vector F. Your 
extended thumb will then point in the 
direction of the torque vector I’. 

(c) The right-hand rule applies to the 
vector product of any two vectors a and b. 
If the palm of your right hand follows the 
first vector, a, and your fingers follow the 
second vector, b, then your extended thumb 
gives the orientation of the vector product. 
a xb. 
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particular example of a vector product (or cross product, as it is sometimes called, 
because of the symbol x). You will meet another example of a physical quantity 
defined by a cross product of two vectors in Unit 8. 


In Unit 3 you came across another way of combining two vectors. The amount of 


energy transferred by a force F in moving an object through a displacement s is FA 
| 
E = Fs cos « (7) | 
; ; i : l 
where « is the angle between F and s (Figure 12). We represented this by F - s, that is | 
| 
E = Fscosa=F-s [— Fcosa-—+ s 
This combination of two vectors, which leads to a scalar quantity that is proportional Figure 12 When force F moves an object 
to the cosine of the angle between the two vectors, is called a scalar product, or a dot through displacement s the energy transferred 
product. In general, for any two vectors a and b, is E = Fs cos « = F - s. The component of 


F in the direction of s is F cos a. 
scalar product of a and b = a:b = abcosa 


SAQ7 Compare the definitions of torque and energy transferred by a force, 
represented by equations 6 and 7, and comment on their similarities and 
differences. 


SAQ 8 A rectangular piece of wood, with sides 0.3 m and 0.4 m, rests on a 
table and is pivoted at one corner (point O in Figure 13). Two forces F, and F3, 
both with magnitude 5 N, act within the plane of the table, but at different 
points on the object and in different directions. 


plane of table 


Figure 13 What are the torques at point 
O due to forces F, and F, (SAQ 8)? 


(a) Use the right-hand rule to determine the directions of torque vectors I, 
and T, at O, due to the two forces F, and F,. 


(b) Calculate the magnitudes of F, and F3. 
(c) What is the resultant torque due to both forces acting together? 


1.9 Mechanical equilibrium—a general condition 


So far we have treated translational and rotational motions separately, but in many 

real situations the two types of motions are combined. For this reason we introduce 

the term complete mechanical equilibrium to describe the state of an object that is complete mechanical equilibrium 
simultaneously in translational and rotational equilibrium. Clearly, the state of 

complete mechanical equilibrium is specified by the simultaneous application of two 

equilibrium conditions 


2F;=0 and ZT; =0 (8) equilibrium conditions 


where T; are torques with respect to some (suitably chosen)* reference point O. 


Note that the term complete mechanical equilibrium does not imply a complete 
absence of any motion. All it means is that any translational motion must proceed 
with a constant velocity and that any rotation must be at a constant angular speed 
about a constant axis. The state of static equilibrium, when the object is completely static equilibrium 
motionless, is only one special case (albeit an important one) of mechanical equilibria. 


* Suitable choice is dictated only by mathematical convenience. By choosing O at a point 
where one or more forces are applied, the corresponding torque(s) become zero by definition. 
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1.10 How stable is an equilibrium state? 


Have you ever watched a circus artiste stacking up several chairs on top of each other 
in weird configurations, yet apparently in complete static equilibrium? The equi- 
librium conditions are, no doubt, fulfilled in such a situation; but how would you feel 
if you had reasons to suspect that the equilibrium state of your house were ofa similar 
precarious kind? 


In looking at engineering problems, it is not good enough to apply the equilibrium 
conditions. It is also highly desirable to consider how stable any given equilibrium 
state is, or is likely to be. In common language, the word stable means something 
reasonably firm and permanent—something that is not easily disturbed or demolished 
by external influences. Stable marriages and stable social systems do not fall to pieces 
in the first crisis of whatever type. In the language of physics, the term is used ina very 
similar way. 


An object is in stable equilibrium if any small displacement caused by external forces 
or torques tends to be self-correcting. An object is in unstable equilibrium if any small 
displacement tends to be escalating. The stability of mechanical equilibrium is 
determined by the constraints on the motion of an object. Thus, for example, a marble 
in a round-bottomed cup is in very stable equilibrium. If an external force disturbs its 
equilibrium (e.g. if you push it with your finger), it may go through a few oscillations 
or through a short spiral motion, but it will soon settle again in the same position as 
before. 


On the other hand, the same marble, balanced on the tip of your finger, is in highly 
unstable equilibrium, because there are different constraints on its motion. Even the 
smallest wobble of your finger will make the marble tumble down. In both cases, the 
marble is initially in an equilibrium state where its weight is balanced out by a force 
due to the strain in the material supporting it. The difference is that in the first case the 
shape of the surface is such that the force of gravity acts against any small displace- 
ment; it pulls the marble back towards its initial position. In the second case a small 
displacement causes a loss of support, and the same force of gravity escalates the 
displacement because of the different shape of the surface on which the marble 
initially rested. 


The two examples are rather extreme. The same marble can be in static equilibrium on 
a flat horizontal surface. In this case a small jerk will cause a displacement from the 
initial position, which will be neither self-correcting nor escalating. Before long the 
marble will come to rest at a different point on the surface, but otherwise there would 
be no physical distinction between the two states of rest. Such states are called 
neutral equilibria. 


SAQ9 Consider the following equilibrium states (a) to (f) and decide 
whether they are stable, unstable or neutral. 


(a) An object suspended at the bottom end of a vertical spring. 
(b) An object hanging at the end of a length of string. 

(c) A mouse trap that has been set. 

(d) An open trap door (horizontal hinge). 

(e) A puck on an ice rink. 

(f) A ‘house’ of cards. 


We can investigate the relationship between the stability and the potential energy of an 
equilibrium state in situations where gravity acts as the restoring force. Take, for 
example, the marble in a round-bottomed cup. What distinguishes the bottom of the 
cup from any other point on the inner surface? When the cup stands upright, the 
bottom is the point where the marble has the lowest possible potential energy. In any 
displacement from this position the potential energy increases. For the marble on the 
tip of your finger the potential energy is a maximum, and this energy decreases as the 
marble is displaced. In both cases the force of gravity acts to decrease the potential 
energy. But in the first case (the cup) this leads to correcting the initial displacement 
and bringing the marble back to its initial position. In the second case (the finger) the 
force of gravity escalates the initial displacement, leading to the downfall of the marble. 


Accepting this point of view, we can now specify different types of mechanical 
equilibria in terms of the change AE,,,, in the potential energy that is caused by a 
small displacement from the initial equilibrium position. Table 1 summarizes the 
situation. 


stable equilibrium 
unstable equilibrium 


neutral equilibrium 
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Table 1 Changes of potential energy and the stability of equilibrium states 


Type of equilibrium 


A small displacement 


Change of potential 


stable 


unstable 


self-correcting 


potential energy 


escalating 


potential energy 


neutral 


neither self- 
correcting 
nor escalating 


potential energy 


energy due to increases decreases stays the same 
displacement from AE A AE go < 9 AE pot = 0 
equilibrium 

Direction of force towards away from no force 
acting on object equilibrium equilibrium 

when displaced position position 


from equilibrium 
position 


In short, the stability of equilibrium states is determined by the change of potential 
energy when a displacement of an object from the equilibrium state takes place, and 
by the direction of the force acting on it in the displaced state. 


We shall return to the relationship between potential energy and force in greater 
detail in Section 3.4. 


Summary of Section 1 


The state of translational equilibrium is specified by a constant linear velocity. The 
condition for an object to be in translational equilibrium is that the sum of all forces 
acting on it is zero, i.e. X F; = 0. 

i 


The state of rotational equilibrium is specified by a constant angular speed about a 
constant axis of rotation. The condition for rotational equilibrium is that the sum 
of all torques is zero, i.e. X T; = 0. 


An object is in complete mechanical equilibrium when both of those equilibrium con- 
ditions are fulfilled simultaneously. This implies that there is no net force and no net 
torque acting on the object, i.e. 


2F,=0 and ZT;=0 


Torque T is the vector product of the position vector r and the force F, i.e. l = r x F. 
Its magnitude is rF sin «, where « is the angle between r and F. The direction of 
I is perpendicular to the plane containing r and F and specified by the right-hand rule. 


An equilibrium state can be stable, unstable or neutral. The characteristics of these 
three types of equilibrium are summarized in Table 1. 


SAQ 10 Two people carry a uniform plank that is 4m long and has a mass of 
40 kg. The plank is kept horizontal, and one person supports it 0.5 m from one 
end, and the second person supports it 1.5 m from the other end. Sketch a 
diagram showing the forces acting on the plank, and use the conditions for 
equilibrium to determine the forces exerted by the two people, assuming that 
these forces are vertical. (Assume that the weight of the plank acts at its centre 
of mass.) 


SAQ11 A6 m-long uniform plank, with mass 20 kg, is hinged to a wall at one 
end. The plank is held horizontal by a rope attached between the other end and 
a point on the wall above the hinge. The rope makes an angle of 45° to the 
plank. An object with mass 10 kg is placed on the plank 5 m from the wall. 
What is the tension in the supporting rope? (Assume again that the weight of 
the plank acts at its centre of mass.) 


2 Equilibrium states and the best use 


12.1 


of available forces 


Having worked through the previous Section towards careful formulations of the 
conditions for mechanical equilibria, you may well ask whether the outcome was 
worth the effort. One way of answering this question would be by a general reference 
to engineering mechanics. Designing and building houses, roads, bridges, cars and 
cranes may involve a lot of materials science and some quite complicated mathematics. 
But all such problems ultimately boil down to balancing forces and torques. And even 
if you have no wish to become involved with mechanical engineering, some elementary 
knowledge of these underlying principles will give you, at the very least, a better 
understanding of the world around you, and it will help you occasionally to solve 
simple practical problems. 


There are many everyday tasks where an understanding of what is going on involves 
considering equilibrium conditions. If you want to open a tin of paint, for example, 
you can, of course, try to pull the lid off with your fingers. But you will soon discover 
how much easier it is to prise it open by wedging a screwdriver (or some other suitably 
narrow and rigid object) between the lid and the rim of the tin. Alternatively you may 
try to crack a walnut between your fingers and your thumb, but unless your hand is 
exceptionally strong (or the nut is rotten) you are more likely to end up with a sore 
hand than with an open nut. Much better to use a nutcracker. I could go on to list a 
long series of such trivial tasks, for which the circumstances make it either necessary, 
or at least advantageous, not to apply your muscular force directly. 


In order to achieve some final desired effect on an object (whether it means cutting, 
cracking, piercing, bending, lifting or shifting it) we all too often come up against the 
limits of the force that an average human being can develop and apply directly through 
muscular efforts. Perhaps it might be illustrative to put a ‘human scale’ to the units of 
force we are dealing with (Figure 14). One newton is the force you need to support an 
average-sized apple (mass 0.1 kg). 70 newtons are needed to hold a 1 kg bag of sugar. 
Forces of this order of magnitude can be sustained, without much discomfort, for a 
reasonably long time by most people. Forces of the order of 70? newtons are needed to 
carry large bags of groceries, piles of books, cases of wine bottles, a two-gallon can full 
of water or a baby of about 1-2 years. Whilst most people can still manage such tasks, 
it becomes uncomfortable to have to sustain such forces for a long time. A force of 
about 70? newtons is the practical limit of human muscular force. Only very few 
individuals can lift an object of mass 100 kg. Even trained weight-lifters and removal 
specialists can develop forces of this magnitude only for a few seconds. In this Section 
we are going to have a look at the simplest tools that enable man to overcome this 
natural limitation of muscular force. The advantages of using these tools will become 
clear when we apply the equilibrium conditions that were introduced in Section 1. 


Inclined planes 


The force required to raise or lower an object can be reduced by using an inclined 
plane. The force reduction can be understood by considering an object sliding down a 
rigid, smooth plane surface that is inclined at an angle « from the horizontal (Figure 
15a). Assume first that the friction between the surfaces of the object and the plane is 
negligible. 


In this case the weight of the object and the force by which the plane supports the 
object are the only forces involved in the motion. But the force of gravity always acts 
vertically downwards, whilst the force supporting the object is perpendicular to the 
plane, so we must havea closer look at how the motion along an inclined plane depends 
on angle «. The answer is obvious for the two extreme cases. When « = 0 (horizontal 
surface) the object will not slide at all, and when « = 90° (vertical surface) the object 
will fall vertically downwards with acceleration g. Intuitively, or from practical 
experience, you would expect that for all intermediate angles the acceleration a of 
the object along the inclined plane would increase continuously from a = 0 when 
a = 0, to a = g when a = 90°. 


To see exactly how the acceleration depends on the inclination of the plane we must 
break the weight mg down into components that are perpendicular and parallel to 
the plane, as shown in Figure 15b. We will represent these two components by the 
symbols F, and F,, where the subscript L means perpendicular and the subscript || 
means parallel, and we will assume that these components are positive when they are 
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Figure 14 A human scale of force. 


force due to plane \ 
supporting the object 


force due 
to gravity 


(a) 


F = ma = mg sina 


F = mg cos a 
FS 
€E 


(b) 


Figure 15 (a) An object on an inclined 
plane. (b) The weight of the object can be 
broken down into two component forces, 
F, and F|. 
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2.1.1 


in the directions shown in Figure 15b.* The component F , is balanced by a reaction 
force from the plane. The component F acts parallel to the plane, and it is this 
component that is responsible for the motion of the object down the plane. 


From Figure 15b you can see that the component of the weight parallel to the plane is 
F\ = mg sin « = ma, (9) 


where « is the angle of the plane from horizontal, and a is the magnitude of the 
acceleration along the plane. 


ITQ 3 Calculate the component F of the weight of an object that slides 
down a frictionless plane, inclined at an angle of 30° from the horizontal. 
Express your answer as a percentage of the weight of the object. 


ITQ4 What is the magnitude of the force required to pull an object of mass 
100 kg at a constant velocity up a frictionless plane inclined at 30° to the 
horizontal? 


Your answers to ITQs 3 and 4 indicate the usefulness of inclined planes. You may 
not be able to lift an object of mass 100 kg vertically up, but it may be possible to 
move the same object upwards by sliding it along an inclined plane. In particular, a 
frictionless plane inclined at « = 30° halves the force required for lifting. But in case 
you think that nature is being ‘cheated’, attempt the next ITQ now. 


ITQS How much energy is transferred to an object of mass 100 kg when it is 
lifted up to a platform at height 1 m above the ground 


(a) by pulling it vertically upwards? 
(b) by pulling it up alonga frictionless plane, inclined at 30° to the horizontal? 


The message is clear: the amount of energy transferred to the object in lifting it up toa 
given height is always the same, but some ways of transferring energy are more 
feasible (or more convenient) than others! Thus inclined planes do not save an y work, 
They only make it possible to move objects that are too heavy to be lifted vertically. 
You will see later that the same conclusion applies to other devices, such as levers and 
pulleys. They cannot be called ‘labour-saving’ devices. They are, however, enabling 
devices—they make it possible for the people using them to perform tasks that would 
otherwise be impossible because of the natural limits to muscular forces. 


Inclined planes and friction 


Up to this point we have considered inclined planes as being frictionless, in order to 
keep the discussion simple. In special circumstances it is possible to approach the 
ideal frictionless situation quite closely, by the proper choice of the material for the 
surface of the plane, by fine smoothing and polishing, or by using lubricants. But 
friction is not necessarily always a nuisance; it may sometimes be of considerable help 
(for example by slowing down the descent when a very heavy object is unloaded down 
an inclined plane). 


The friction between the surface of the plane and the surface of the sliding object is a 
typical example of dynamic friction, which always results in some conversion of energy 
of the sliding object into internal energy (heat) in the object and in the plane. 


It is extremely difficult, indeed well nigh impossible, to study the detailed processes 
taking place between individual molecules as two surfaces slide over each other. So 
physicists and engineers have to make do with an empirical study of frictional forces, 
based on the application of the condition for translational equilibrium. 


ITQ6 (a) What is the net force acting on an object that is sliding down an 
inclined plane with a constant velocity? (b) Ifthe mass of the sliding object 
is m and the plane is inclined at an angle « from horizontal, what is the mag- 
nitude of the force of dynamic friction? 


* In earlier Units we have only been concerned with components in the directions of the 
x, y and z axes, e.g. F,, F,, F,. It is possible, however, to determine the component of a 
vector in any direction. When considering an object on a plane that can be inclined at various 
angles, it is particularly useful to consider components that are parallel and perpendicular 
to the plane. 
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dynamic friction 


By this means, one can determine the force of dynamic friction f} directly from the 
known mass of the object, provided the constant velocity condition is reliably 
established. Not surprisingly, it is found that fa depends on the material of the two 
sliding surfaces, on their smoothness and also on the component F , of the weight that 
presses the two surfaces together (Figure 15b), but the frictional force is practically 
independent of the relative velocity of the two surfaces. In fact, it is found that 


fa = MaF 1, (10) 


where 44 is a constant for a given pair of surfaces, known as the coefficient of dynamic 
friction between the two surfaces. The value of ua varies from about 0.06 for a smooth 
steel surface sliding on ice to 0.7 for rubber sliding over dry concrete. 


But there is another aspect to the molecular interactions that take place at the contact 
area between two surfaces. To get some feeling for it, do the following simple exercise. 


Exercise: Find an object about 25-30 cm long, that has a firm, level and reason- 
ably smooth surface—a ruler is quite suitable, for example, or a book with a 
hard and smooth cover. Put a coin at one end and start lifting this end up, until 
the coin starts to slide down. Estimate (or measure, if you prefer!) the angle a, 
at which the coin begins to slide. Then observe how the velocity of the coin 
changes at different angles of tilt. 


Now think about the following questions (and check the answers at the back of the 
Unit, to be sure that you have not missed an important point). 


ITQ7 What is the net force on the coin at « = 0 and « = 90°? 
ITQ8 What is the net force on the coin at angles a < a? 


ITQ9 How can this be reconciled with the existence of the component F, of 
the weight of the coin? (Refer to Figure 15 and equation 9.) 


ITQ 10 What happens at « = æo, when the coin just begins to move? 


ITQ 11 Although it may not be obvious from your observations, hazard a 
guess at the answer to the following question: does the coin move with a con- 
stant velocity when the plane is inclined at angle a? 


The fact that the coin remains stationary for all angles smaller than a» indicates that 
the component F | of the weight, parallel to the plane, is exactly compensated by some 
force of the same magnitude (mg sin «) acting in the opposite direction. The intriguing 
aspect of this force is that, up to the angle a», its magnitude increases exactly as 
mg sin a, but it reaches a maximum value at a = a. When « > a this force can no 
longer hold the coin in static equilibrium. Where does this force come from? It can 
only be caused by the molecular interactions between the two surfaces in contact. 
We call this force the force of static friction. Unlike dynamic friction, which causes the 
transformation of some kinetic energy into heat, static friction does not cause any 
dissipation of energy because no motion is involved. It simply prevents motion, by 
balancing out another force acting on the object. Once the applied force exceeds the 
maximum static frictional force, the object moves and dynamic friction takes over. 


Just as with dynamic friction, the maximum force of static friction, f, max, depends on 
the material and smoothness of the two surfaces in contact and on the force com- 
ponent F, which presses them together. In fact for any pair of surfaces it is found that 


J nae ees (11) 


where ju, is a constant for any two materials of specified smoothness and is called the 
coefficient of static friction. For any two surfaces, u, is always greater than pa—for 
example u, is about 0.1 for steel on ice (compared with ua = 0.06) and about 1 for 
rubber on dry concrete (ua = 0.7). In other words, if it seemed to you that the coin was 
accelerating after it started sliding at a, it may well have been a real effect. Because 
Ha < H, the magnitude of the force of dynamic friction would be less than fy max and 
would not quite compensate F). 


SAQ 12 An object of mass 10 kgis at rest on a plane inclined at « = 8°. What 
is the force of static friction? (In this and the following calculations, assume 
g =~ 10ms “and use values of sin «rounded off to two figures after the decimal 
point.) 


static friction 
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SAQ 13 After the object is given a gentle push from the position specified in 
SAQ 12, it is seen to continue to slide at a constant velocity. What is the force of 
dynamic friction? 


SAQ 14 The inclined plane has to be tilted up to æ = 11° before the object 
just begins to slide on its own. What is the maximum force of static friction? 


SAQ 15 (Optional) Calculate the values of the coefficients of dynamic and 
static friction for this pair of surfaces. 


SAQ 16 Suppose the object specified in SAQ 12 is pulled up along the same 
plane inclined at « = 8°. The object moves at constant velocity, and in a 
certain interval of time it is raised through a height of 1 m. 


(a) What force pulled the object up the plane? How much energy was 
transferred to the object during the interval considered? 


(b) What was the increase in the gravitational potential energy of the object? 
(c) How much energy was dissipated due to dynamic friction? 


2.2 Levers 


A lever can be defined as a rigid beam, supported at one point on a pivot (or fulcrum) lever 
that is fixed and about which the beam can turn. The motion of the beam about the 

pivot involves torques, and for this reason the application of the condition of rota- 

tional equilibrium is the most useful way of describing how levers work. 


Figure 16 A selection of lever tools. 


A variety of levers is shown in Figure 16. In some of these devices the applied force and 
the load lie on the same side of the pivot (nutcrackers, wheelbarrow) and in others 
the applied force and the load are on opposite sides of the pivot (scissors, crowbar, 
mechanical balance). But regardless of the position of the pivot, the understanding of 
the action of any lever is based on the condition of rotational equilibrium. When the 
beam is not turning about the pivot, it must be true that the sum of all torques about the 
pivot is Zero. From this condition it is easy to calculate the magnitudes of forces acting 
at various distances from the pivot. 


Consider, for example, a practical problem of lifting a heavy object with a lever. 
Suppose you hold the lever steady in a horizontal position, as shown in Figure 17, so 
that r and r’ are the position vectors from the pivot O to the force F and to the load mg 
respectively. Since the lever is in rotational equilibrium, the sum of all torques with 
respect to the pivot must be zero. According to our general definition in Section 1.8, 
the torque I’, due to force F, is a vector at point O in Figure 17 pointing perpen- 
dicularly into the page. Since F is perpendicular to r, the magnitude of torque I is 
given by equation 3: [ = rF 


O (pivot) 


Figure 17 Supporting a heavy object on a 
lever. 


20 


S271 UNIT 4 


The torque I” due to the load mg, is a vector at O, pointing perpendicularly out of the 
page in Figure 17, with a magnitude of 


I’ =r'mg 


As Tand I’ are in opposite directions, the only other condition that must apply for 
the sum I’ + T’ to be a zero vector is that the magnitudes of F and I’ must be the same: 


rF = r'mg (12) 


It follows from equation 12 that the magnitude of the force F needed to balance a load 
of weight mg on a horizontal lever (such as in F igure 17) depends on the ratio of the 
lengths of the two arms of the lever 


, 


F="mg (13) 
r 


Equations 12 and 13 were derived on the assumption that all conditions involved in 
the situation shown in Figure 17 are ideal. Namely, that the beam, the pivot and the 
ground are all perfectly rigid, the beam is horizontal, the weight of the beam is 
negligible, and there is no friction at the pivot. None of these conditions is quite 
fulfilled when loads are lifted by levers in real life. For this reason, equation 13 only 
gives the lower limit of the force required to lift a load with a lever. 


Figure 18 To move a load on arm r’ 
through distance h’, the force on arm r must 
act through a longer distance h. 


The use of levers does not save any work, no matter how close a real lever may be to an 
ideal one. A glance at Figure 18 will show that in order to move a load mg on the short 
arm r’ by a small distance h’, the force F acting on the longer arm r must act over a 
longer distance h, and 


u al (14) 
: 


Combining equation 14 with equation 13 shows that, for an ideal lever, 


ke 
h r mg 
or Fh = mgh (15) 


Thus the energy Fh transferred by the force is equal to the energy mgh’ required to lift 
the mass m through height h’ directly. So although the ideal lever reduces the force 
required to lift an object, it does not reduce the energy required. 


The advantage of being able to use a smaller force (F < mg) is paid for by having to 
apply this force over a larger distance (h > h’). Like inclined planes, levers are devices 
that make the transfer of energy more convenient, not more efficient. Indeed, because 
levers are not ideal, some energy is actually lost on permanent deformations and 
through friction involved in the process of lifting. 


SAQ 17 A rigid beam of length 3 m is supported on a rigid pivot 1 m from 
one end. What is the magnitude of the force, acting at the end of the longer arm, 
that is needed to maintain the beam horizontally when a load of weight 100 N 
is placed at the end of the shorter arm? (Assume that the mass of the beam is 
negligible and that the supporting force is vertical.) 


SAQ 18 A rigid beam, of negligible mass, is pivoted at one end. A load with 
weight 250 N is placed at a distance of 0.2 m from the pivot, and the beam is 
supported in the horizontal position by a vertical force of 50 N at the free end 
of the lever. 

(a) Calculate the length of the beam. 

(b) What force does the pivot exert on the beam? 

(c) Suppose that the beam is now inclined at 45° to the horizontal, with the 
same load in the same position. What vertical force is needed to support the 
free end, and what force does the pivot exert on the beam? 
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2.3 Pulleys 


A pulley is a wheel, capable of rotating about a central shaft, that serves in its most 
simple form as a tool for reversing the direction of a force (Figure 19). 


When used on building sites for lifting buckets full of bricks, sand, cement or water, a 
single pulley with a rope does not offer any advantage as far as the magnitude of the 
force is concerned. It is just more convenient to stand on the ground and to pull the 
rope downwards, than it would be to stand up on the scaffolding and to pull upwards. 


This is all very well, so long as all one wants to pull up is only a bucket full of bricks. 
It is an altogether different proposition, though, when a large prefabricated panel needs 
to go up, a railway carriage is to be lifted off the rails, or a fully loaded container 
transferred from a ship onto a road transporter. All cranes, whether fixed or mobile, 
use various combinations of pulleys to achieve the desired effect. And all that is 
necessary in order to understand their working is to apply correctly the equilibrium 
conditions for forces and torques. 


We are going to restrict ourselves here to a very simple case, in which mechanical 
advantage (in terms of reducing the necessary force) can be achieved by a combination 
of two pulleys, such as shown schematically in Figure 20. 


Let us assume that the friction in the pulleys can be neglected and that we wish to find 
the force F that must be applied by the man to the rope in order to support a load of 
weight mg. A superficial look at Figure 20 may tempt you to say that F = mg. If you 
are so tempted, think again before you read on! 


When the load mg is held stationary, the whole assembly is in complete mechanical 
equilibrium and we can analyse the problem in terms of the balance of forces and + 
torques at various points. Look first at the lower pulley on which the load is suspended. nog gee Sse 
Since everything is stationary, the sum of all forces must be a zero vector, which means Se ek 


Figure 19 The simplest pulley. 
F,+F,+mg=0, or F, + F, = -mg 

It may seem obvious that the two forces F, and F, are equal, but it will do no harm 

to follow how this can be proved, using the second condition of equilibrium—namely 

that there can be no torque at the centre of the pulley. We can write this down as 


T= oa +t ri +r =O 
where Fioag is the torque due to the load mg, l, =r, x F, and T, = r, x F3. 


Using the definition of torque, you should be able to see that Tsaa = 0, which leaves us 
with the condition 


Fz +1720: 


The two torques T, and T, are obviously of opposite sign (because their turning effects 
on the pulley are opposite—one clockwise, one anticlockwise). For the sum I’, + T3 
to be zero, the magnitudes of F, and F, must be equal. But both torces act on the 
circumference of the same circle of radius r = |r, | = |r,| and therefore 


F, = F, = —3mg 


On the left-hand side the rope pulls on a fixed support, which provides the compensat- 
ing force, as required by Newton’s third law. On the right-hand side the rope goes 
over another pulley, before it reaches the man. Applying the equilibrium conditions 
for forces and torques to this stationary pulley leads to the conclusion that the force 
the man must apply to support the load is 


F = 3mg (16) 


Although the force necessary to support a load of given weight is halved by this 
arrangement of two pulleys, there is still no saving of work when the weight is lifted to 
a given height, as you will see in SAQ 19. 


The usefulness of a system of pulleys, a lever, or an inclined plane, for the lifting of 
heavy loads is described by the ratio of the load over the force needed to balance it. 
This ratio is called the mechanical advantage € 


_ load _ mg 


&= = 17 

force F GP 
In ideal cases, where no mechanical energy is lost due to friction or permanent Figure 20 Lifting a load mg, suspended 
deformations, mechanical advantages of inclined planes, levers and systems of pulleys between a fixed point and a fixed pulley. 
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are easily found by comparing the definition of ¢ (equation 17) with equations 9, 13 
and 16 respectively. The result is 


; 1 oe Rees 
e (ideal) = —— for a frictionless plane inclined at an angle « from 
ee horizontal 


r arm of force : (18) 
for an ideal lever 


1 


r’ arm of load 
= 2 for a system of two pulleys 
In real situations some losses of mechanical energy are inevitable, so that 


e (real) < e (ideal) (19) 


SAQ 19 A load of weight 800 N is lifted by a person, using an arrangement of 
pulleys like that in Figure 20. 

(a) When the load is raised by 1 m, what length of the rope has to be pulled 
over to the other side of the pulley? 

(b) What is the increase in the gravitational potential energy of the load when 
it is raised by 1 m? 


(c) Assuming no losses due to friction, how much work is done by the person 
pulling the rope when raising the load by 1 m? 


2.4 Summary of Section 2 


Many practical tasks require the use of forces well in excess of the natural limit to 
muscular force. Inclined planes, levers and pulleys are the simplest tools that make 
such tasks possible, by using forces of smaller magnitudes acting over larger dis- 
placements. 


To raise an object of mass m against the force of gravity requires a force F of magnitude: 


(i) F = mg sin « on a frictionless plane, inclined at an angle « from the horizontal 
(Figure 15). 


(ii) F = mg SS when a lever is used and r and r’ are the distances from the pivot to 
r 

the force F and to the load mg, respectively (Figure 17). 

(iii) F = mg when a system of two pulleys is used (Figure 20). 


In all cases, the energy transferred to the raised object is the same as if it were lifted 
up directly and vertically. The presence of friction and the possibility of permanent 
deformations mean that the work done by the applied force is actually greater than if 
no tools were used. Thus, tools do not save work, they only make the required transfer 
of energy possible by trading off a longer path against a smaller force used. 


Friction between two surfaces arises from the intermolecular forces acting in the 
contact area. Static friction prevents motion by balancing out the component F, of 
the weight that acts parallel to the surface of contact. For a given pair of surfaces and a 
given component F , of the weight that acts perpendicular to the plane of contact, the 
force of static friction has a fixed maximum value f, max- When Fy exceeds f, max 
motion takes place, and the dynamic frictional force leads to a conversion of kinetic 
energy into heat. 


Gravitational forces 


The three laws of motion, studied in Unit 3, represent only one aspect of Newton’s 
contribution to physics. Equally important is his contribution to the understanding of 
gravitational force. In Newton’s day it was far from obvious that the force that pulls 
an apple to the ground is also responsible for the motion of the planets around the 
Sun. In fairness, one or two philosophers did suggest before Newton the possibility of 
some kind of universal force, but he was the first person to say something quantitative 
about such a force. Moreover, he was able to show that the observational laws of 
planetary motion, formulated by Kepler, can be deduced theoretically from the three 
general laws of motion and from the law of universal gravity that he proposed. 
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3.1 


In this Section we are going to state the law of universal gravitational attraction and 
investigate in some detail the gravitational field at the surface of the Earth, con- 
centrating in particular on the relationship between the force of gravity and the 
gravitational potential energy. Later we shall also have a look at the connection 
between the laws of planetary motion (Kepler’s laws) and the general theory of uni- 
versal gravitation. 


The law of universal gravitational attraction 


The gravitational force between two objects is attractive, it is proportional to the mass 
of each object, and it is inversely proportional to the square of the separation of the 
two objects. These facts are encapsulated in Newton’s law of universal gravitation, 
which can be stated as follows: 


An object of mass m; attracts another object of mass m, anywhere in the 
Universe with a force F that is given by 


= -6™ (*) (20) 


r r 


where r is the displacement of m, from My. 


Figure 21 will help to clarify the meaning of equation 20. Remember that (r/r) is a 
unit vector; it has magnitude one, and is in the direction of r, that is in the direction 
from m, to m. Therefore the force F on mass m, has magnitude 


mM), 


r? 


F=G (21) 
and is in the —r-direction. This means that it is directed towards my, i.e. it is an attrac- 
tive force. Note that the force acting on m, due to m, also has the magnitude given 
by equation 21, but it is in the opposite direction—the r-direction—since m, is 
attracted towards m2. The fact that the forces on m, and m, are equal in magnitude 
and opposite in direction is, of course, just another example of Newton’s third law of 
motion. 


mm,(r 
Figure 21 Gravitational forces between two objects. The force on m, is F = — G — > Z (2) 
r r 


and the force on m, is — F. Vector r is the displacement of m, from m; , its magnitude 
|r| = r is the separation between the centres of gravity of the two objects. 


The meaning of the separation r between the two objects presents no problem when 
the sizes of both objects are negligible in comparison with the distance between them. 
For example, as far as the force of gravity is concerned, the Earth and the Sun can be 
treated as approximately point-size objects, since the radius of the Sun is less than 
0.5%, and the radius of the Earth is only about 0.004 %, of the distance between the 
two. When the objects cannot be treated as being approximately point-sized, the 
separation r refers to their centres of gravity.* 


The constant G in equation 20 is a universal constant. Once the units are chosen in 
which to measure forces, masses and distances, the numerical value of G is the same 
everywhere throughout the Universe. The value of G in SI units is 


G = 6.673 x 10°'! Nm’ kg”. 


The constancy of G has been verified by measurements on Earth to an accuracy of 
about 0.05% and confirmed by measurements on the Moon and in spacecraft. It is 
also consistent with what we know about the large-scale structure of the Universe. 


* As you will see later, in Section 3.5, the centre of gravity is in most cases identical with the 
centre of mass, defined in Unit 3. This is certainly true for all examples in this Course. 
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Newton’s law of universal gravitation 


gravitational constant G 


3.2 Gravity on Earth 


According to the law of universal gravitation, each object in the Universe is simul- 
taneously attracted by all other objects in the Universe. So, the net force on each 
object must be a vector sum of an infinitely large number of forces. Yet whenever we 
have mentioned gravity on Earth, it has been described by a very simple equation 


F = mg (22) 


in which m stands for the mass of an object and g for its free-fall acceleration towards 
the Earth. So, on the face of it, equation 22 may seem to be in contradiction with the 
universal law of gravitation formulated in the previous Section. 


In order to resolve this apparent contradiction, it is necessary to have a quantitative 
understanding of the magnitudes of various gravitational forces. Attempt ITQs 12 
and 13 now, making the assumption that equation 21 correctly describes the mag- 
nitude of all gravitational forces involved. 


ITQ12 Whatisthe magnitude of the force of mutual gravitational attraction 
between two cars, each of mass 10° kg, whose centres of mass are separated by 
6 m? Compare this with the magnitude of the force of attraction between each 
car and the Earth. (Take the mass of the Earth as 6 x 10°4 kg, and take the 
separation between the centres of mass of the Earth and each caras6 x 10° m.) 


ITQ 13 Calculate the magnitude of the gravitational force that attracts each 
of the cars specified in ITQ 12 to the Moon. (Take the mass of the Moon as 
7 x 107? kg and its distance as 4 x 10® m.) Compare the magnitude of this 
force with the magnitude of the gravitational force on each car due to the 
Earth. 


Although the law of universal gravitation says that every object on Earth feels a force 
that is the vector sum of an infinite number of gravitational forces from the whole 
Universe, in practically all everyday situations the only force that is significant is the 
force due to the mass of the Earth. Thus the total gravitational force acting on an 
object of mass m at the surface of the Earth can be adequately described by a single 
equation, similar to equation 20: 


GM [R 


where M is the mass of the Earth and R is the displacement vector of the object from 
the centre of the Earth. 


Since equation 23 describes the same force as equation 22, we can equate their right- 
hand sides to obtain a relationship between the observed gravitational acceleration g 
and the mass and radius of the Earth: 


GM [R 
g =n R? (7) (24) 


Equation 24 enables us to make three predictions about g that can be compared with 
actual observations: 


1 At any one place on Earth (fixed R), all objects must have the same free-fall 
acceleration, since equation 24 contains no physical quantities specific to the object in 
free fall. 


2 Thedirection of g should always be towards the centre of the Earth, i.e. opposite to 
the direction of R. 


3 The magnitude of g should be very nearly constant everywhere on the Earth’s 
surface since we know the Earth to be very nearly spherical, i.e. |R| is approximately 
constant. 


All these predictions agree with observations. Our previous understanding of gravity 
on Earth, expressed by equation 22, is a direct consequence of Newton’s law of uni- 
versal gravitation. But you must always remember that equations 23 and 24 are only 
approximations. They are only valid when the gravitational force on an object due to 
the Earth is very much greater than the gravitational forces due to all other bodies. 
For problems in which the gravitational forces due to other bodies are of comparable 
magnitude to the Earth’s gravitational force, then each force must be calculated using 
equation 20, and the total gravitational force must be determined by adding the 
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3.3 


individual forces vectorially. This is the procedure that must be followed to find the 
gravitational force on a spacecraft, for example. 


You should now consolidate your understanding of this Section by attempting the 
following ITQ. 


ITQ 14 (a) What is the magnitude of the gravitational acceleration gm of 
the Moon towards the Earth? (The mass of the Earth is 5.98 x 1024 kg, and 
the distance between the centres of the Earth and Moon is 3.84 x 108 m. 
Assume, as Newton did, that the gravitational attraction of the Earth is the 
only force that acts on the Moon.) 


(b) The Moon travels around the Earth, completing one circle of radius ry in 
27.32 days. Using the equations of uniform circular motion (Unit 2, Section 4) 
calculate the magnitude ay of the acceleration of the Moon towards the 
centre of its orbit. Compare ay with the value of gy calculated in part (a). 


I hope that you are aware of the significance of the agreement between the different 
approaches in parts (a) and (b) of ITQ 14. In (a), the acceleration of the Moon was 
calculated on the assumption that it was caused by the gravitational pull of the Earth. 
Part (b) was a purely kinematic calculation—no mention was made of the nature of 
the force involved. The agreement indicates that the assumption made in (a) isa 
correct explanation of the circular motion of the Moon around the Earth. 


Gravitational potential energy on Earth 


You saw in Unit 3 that as an object is raised to a higher level above the surface of the 
Earth, it acquires gravitational potential energy Egray- The quantitative definition of 
Eray Was derived from the principle of conservation of energy. It was shown that when 
a force F = —mg is used to balance the force of gravity and to lift an object of mass m 
through a vertical displacement Ah (opposite to g), the amount of energy transferred 
to the object and stored as gravitational potential energy is 


AE(transferred) = NE, = Es 
= mgAh (25) 


Now that we know a little bit more about gravity, it is worth having a closer look at 
this expression for the gravitational potential energy. 


If we are only concerned with a small region of space close to the Earth’s surface, then 
the interpretation of equation 25 is straightforward. The acceleration due to gravity is 
a constant vector that is directed vertically downwards (Figure 22a), and the h- 
direction (‘height’) is vertically upwards. Equation 25 tells us that the change of 
gravitational energy of a mass m depends only on the change in height h. In particular, 
at a constant height (i.e. Ah = 0), the gravitational potential energy is constant. This 
is shown schematically in Figure 22a; the gravitational potential energy has a con- 
stant value on each of the horizontal lines parallel to the Earth’s surface. We can choose 


Esray is constant on each line 


E grav 1S 


h = 6m Esrav = Mg X 6m constant on 

M each sphere 
g h = 5m Foray = Mg X 5m 

h=4m Egray = mg X 4m 

=3m Foray = mg X 3m 

h=2m Eray = mg X 2m 

Cet CO eee 

h= 1m Eoray = mg X 1m 

h = 0m Erw = 0 
(a) Earth’s surface Earth (b) 


Figure 22 (a) Over a small region near the Earth’s surface, gis constant, and the surfaces 
of constant gravitational potential energy are parallel to the Earth’s surface. (b) When 
considering a larger region of space, the constant energy surfaces are spheres. 
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gravitational potential energy 


3.4 


the zero of potential energy arbitrarily, and if we choose to set Egray = Oat the Earth’s 
surface (i.e.h = 0) then the value of Egray at height h is 


Egray = mgh (26) 


Equation 26 and the picture in Figure 22a are useful for the many everyday problems 
that involve height changes of a few kilometres or less, and similar small changes in 
the horizontal position. But if we are concerned with the motion of spacecraft, for 
example, then we must take account of the changes in the magnitude and direction of 
the gravitational force that occur over larger distances. Now the gravitational force on 
an object due to the Earth is always directed towards the centre of the Earth, i.e. 
radially inwards. Therefore no energy is transferred to an object as it is moved on the 
surface of a sphere that is concentric with the centre of the Earth, because the gravita- 
tional force is always perpendicular to the motion and so F - As = 0. This means that 
the gravitational potential energy is constant on any spherical surface that is con- 
centric with the centre of the Earth. 


A few of the constant energy surfaces are shown in cross-section in Figure 22b. It is 
important to note that although there is the same difference in gravitational potential 
energy between successive surfaces in this diagram, the distances between successive 
surfaces are not the same. This is because the magnitude of the gravitational force 
decreases with increasing distance from the centre of the Earth, and the weaker the 
force, the greater the distance that must be covered to produce a certain change in 
potential energy. The variation of the gravitational potential energy with radius will 
be discussed in more detail in Unit 6. 


The relationship between force and potential energy 


The omission of the word ‘gravitational’ from the title of this Section is deliberate. 
Although we shall continue to discuss mainly examples involving the force of gravity, 
the results will be sufficiently general to be useful for other types of forces and potential 
energies. They will apply to all types of forces for which the potential energy of a 
system of objects is uniquely defined by the geometrical configuration of the system, 
and is completely independent of the way in which such a configuration is achieved. 
Gravitational forces and potential energies satisfy this condition since, for example, 
the potential energy E,,., of an object in the gravitational field of the Earth is uniquely 
defined by its height above the Earth’s surface. To put it in practical terms, a man 
standing on the flat roof of a skyscraper has the same gravitational potential energy 
whether he arrived vertically by a lift, along a spiral path by climbing a staircase, or 
whether he was brought by a helicopter. The results that we derive will also apply to 
the forces exerted by springs (Unit 3) and the forces between charged particles, which 
will be discussed in detail in Unit 6. 


Returning to the gravitational field of the Earth, you should recall from Section 2.1 
that although an object of mass m has the same weight mg on any inclined plane, the 
net force that causes its acceleration along the plane depends on the inclination of the 
plane. When the incline is steep, the net force is large, and the gravitational potential 
energy changes quickly with distance along the plane. When the incline is small, the 
net force is small and the potential energy changes slowly along the plane. 


Our aim is to investigate this relationship between the force and the changes of 
potential energy in more detail. Although the initial discussion will be restricted to 
motion along straight lines and to forces of constant magnitudes, we shall indicate 
later how to generalize the results to the case of non-linear motion and variable forces. 
We shall reserve the use of letter h for the vertical direction and use x to indicate any 
arbitrarily chosen direction.* 


To make the discussion specific, consider a small spherical bead of mass m, sliding 
without friction along a rigid straight wire (Figure 23). Distances in the h-direction 
and the x-direction are measured upwards, from zero at ground level. We will 
consider a specific displacement Ax between two points, A and B, shown in Figure 24. 


* You should not think of x as being just one of the two or three axes of coordinates (as 
you did in Units 2 and 3). In this Section x, Ax, dx and similar symbols mean distances 
measured along a particular direction in some specified orientation in space. You will get 
used to the same symbols being occasionally used for different things, since there are not 
enough letters to go around. The only thing that matters is that the meaning of any symbol 
is clearly specified in each particular case. 
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ground level, h=x=0 


Figure 23 A bead sliding along a straight 
wire, stretched in direction x. 


Figure 24 The displacement of the bead 
from A to B along the wire. 
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When the bead slides freely between these two points its change of kinetic energy is 
simply 


AE xin = F- As = F,,Ax 


where F,, is the component of the weight in the x-direction, and the change of gravita- 
tional potential energy is 


AE grav = — AE kin =a —F,Ax (27) 


(Note that Fand Ax are both negative, and so the product F,, Ax is positive. Thus the 
kinetic energy increases—AE,,,, is positive—and the gravitational potential energy 
decreases—AE,,,, is negative—as we would expect for an object sliding freely down a 
wire.) We can rearrange equation 27 to obtain an equation for the force component 
F,, in terms of the potential energy: 


= (28) 


The meaning of equation 28 can be stated in words as follows: 


the component F, of the gravitational force on an object in the x-direction is 
minus the rate at which the gravitational potential energy E,,,, changes with 
distance along that particular direction. 


Alternatively, in terms of graphs, 


the force F, is equal to minus the gradient of the graph of E,,,, versus x. 


grav 
Equation 28 is a very important relation since it allows us to determine the gravita- 
tional force on an object from a knowledge of the potential energy. There are similar 
relationships that allow us to determine electrostatic forces, and you will be meeting 
these in Unit 6. To illustrate how such relationships are used, we will continue 
to discuss the example of the bead on the wire. As you already know from Section 2.1 
how the component F, of the gravitational force depends on angle «, we will not derive 
any new results. However, because the results are already known, we will be able to 
confirm the validity of equation 28 in this simple case. 


We will first consider what happens in the case when « = 90°. The wire is then 
vertical, so that the x-direction is the same as the h-direction, and we can replace x by 
h in equation 28. Thus, 


AE 
| eee 29 
h Ah (29) 
Now we know that 
AE gray = mgAh (eq. 25) 


and if we substitute this expression for AE,,,, into equation 29 we obtain 


grav 


mgAh = (30) 


This is just the result that we would have expected ; the magnitude of the gravitational 
force in the vertical direction is mg, and it is directed downwards, i.e. in the —h- 
direction, which is the direction in which the potential energy decreases. So equation 
28 obviously produces the correct result in this case. 


We will now go a stage further, and put in some numerical values so that we can 
confirm the relationship between the force and the gradient of the energy versus 
position graph. We will assume that the mass of the bead is 0.1 kg, and the heights of 
points A and B are 10 m and 6 m respectively. Using the convention that E,,,, = 0 
at h = 0, the gravitational potential energies are 


grav 


atA: Em = O0.1kg x 98ms~? x 10m=98J 
atB: Egay = 0.1 kg x 98ms 7x 6m=59J 


These values of E sray are plotted on the graph in Figure 25. The straight line joining the 
points passes through the origin, in accordance with our convention that Eray = 0 


grav 
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at h = 0. According to equation 29 the gradient of this line, AE gray/Ah, is equal to 
—F,,. Thus 
NE ay O B= 9). 


= = 0.98 N 
Ah (10 — 6) m ues 


gradient = 


and so 
F, = —0.98 N 


Again this agrees with what we knew beforehand, namely that the magnitude of the 
gravitational force is 


mg = 0.1 kg x 9.8 m s~? = 0.98 N, 


and it acts in the downward direction. This confirms, therefore, that in this case the 
force is minus the gradient of the potential energy versus distance graph. 


L__Ah 


| > 


T T T 
10 h/m 


| 

| 

! 
0 2 4 6 8 
We have shown that the vertical component of the gravitational force can be cal- 
culated from the gravitational potential energy. But equation 28 is quite general, and 
it allows us to calculate the component of the force in any arbitrary direction, as you 
will now see. Suppose that the x-direction is at an angle « to the horizontal, as shown 
in Figure 23. The component of the force in the x-direction is 


FẸ AE grav (eq. 28) 
= eq. 
x Te q 
and we know that 

AE pray = mgAh (eq. 25) 
Combining these two equations we obtain 

a mgAh 

Ax 

Now when the bead moves through distance Ax its height changes by an amount 

Ah = Ax sin « 


as you can see from Figure 24. We can use this to simplify the expression for the force: 


ee 
= _ mgAxsing 
Ax 
or F, = —mg sina (31) 


Once again this is a result that should not surprise you, since we made use of it in 
Section 2. This time we have derived it from a knowledge of the gravitational potential 
energy, rather than by splitting up the gravitational force into components in different 
directions. 


We can also determine the force by taking the gradient of a graph of gravitational 
potential energy versus position x, as you can see in Figure 26. The gradient of this 


Ecdat 
10+ 
85 AE Say 
be. $ 
gradient = — == 
41 | 
_ (9.8—5.9)J 
24 (20—12)m 
| =0.49J 
0 l I r 


T T T TA 
0-2 4: 6-8 10 12-14-16" t8 20m 
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Figure 25 Gravitational potential energy of 
the bead as a function of height. 


Figure 26 The gravitational potential 
energy of a bead (mass 0.1 kg) on a wire 
inclined at 30° to the horizontal. Points 
A and B are at heights of 10m and 6m 
respectively, and so the energies at these 
points are the same as those shown in 
Figure 25. The values of x for the two 
points are calculated from the relation 
x = h/sin «. The gradient of the graph is 
0.49 N, and so F, = —0.49 N. 
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graph is 0.49 N, and so F, = —0.49 N. Note that the magnitude of this force- 
component is half the magnitude of the vertical component (mg = 0.98 N), as would 
be expected from the expression 


F, = —mg sin a = —4mg 
Note also that the minus sign indicates that the force acts in the negative x-direction, 
and this is the direction in which the potential energy decreases. 


Because the relationship between force and potential energy is so important, we have 
spent some time showing that equation 28 (F, = —AE,,.,/Ax) agrees with our prior 
knowledge, and that the force-component can be determined from the gradient of the 
graph of potential energy versus position. Now it is sometimes equally useful to look 
at this relationship the other way round, and to determine the potential energy change 
when an object (our bead, for example) moves through displacement Ax while acted 
on by a force-component F,,. The energy change is given by equation 27, 


AE gray = —F,,Ax (eq. 27) 


This expression again has a graphical interpretation. Figure 27 shows a graph of F, 
versus x for the bead. Note that the shaded region has an area F,Ax that is equal to 
the magnitude of the energy change. Thus the area under the force versus distance 
graph is equal in magnitude to the potential energy change. This is a relationship that 
you have already met and used in Unit 3. 


4 
FIN 
x/m 
B > 
] 
| area=F, Ax 
=0.49N x 8m 
=3.9J 


This idealized example of a bead sliding without friction along a straight wire was 
chosen to make the calculations and graphs simple. However, the same approach can 
be applied to situations involving variable forces. In such cases, the force F, calculated 
using equation 28 will be an average force over the interval Ax. To find the value of F, 
at a particular point, we must make use of the idea of the derivative, which was intro- 
duced in Unit 2. Thus we can write 


limit AE gray dE grav 
= Sa 32 
Fee aco ( Ax ) dx 62) 


The derivative (dE,,,,/dx) is, of course, the gradient of the graph of energy versus 
position. So the relationship 


force-component F, = — gradient of graph of potential energy versus position x 


applies to situations where the force varies, as well as to those we have already met 
where the force is constant. 


Equation 32 is so useful that you should commit it to memory, together with the 
‘aide-memoire’ rules in the box below. 


* 


dE 
FF, — =" __. (eq: 32) 
X. 


=z 


Force = — (gradient of potential energy versus distance graph) 


Direction of force is direction in which potential energy decreases. 


Potential energy change = area under force versus distance graph. 


=) 


* Epo is used instead of Eray in this equation to indicate that the equation applies to all forms 
of potential energy and not just gravitational potential energy. 
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Figure 27 The x-component of the 
gravitational force versus position x for a 
bead (mass 0.1 kg) on a wire inclined at 30° 
to the horizontal. The shaded area is equal 
to the magnitude of the gravitational 
potential energy change when the bead 
slides down from x = 20m to x = 12m. 


relationships between force and potential 
energy 


Epor $ dE Ff 
gradient = == =—F,atA 3 


tangents at 
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(a) (b) 

Figure 28 (a) Potential energy versus position x, and (b) x-component of force versus 
position x. The force at point A is minus the gradient of graph (a) at point A. Note that graph 
(b) shows that the force at point A is larger than the force at point B, and this is consistent 
with the magnitudes of the gradients of graph (a) at points A and B. The change in potential 
energy between points A and B is À Epa, and this energy change is represented by the shaded 
area in graph (b). 


Figures 28a and 28b illustrate the use of these rules for forces of variable magnitude, 
and the following two ITQs should give you practice in applying them. 


ITQ15 Figure 29 shows a graph of the variation of the potential energy of an 
object with position x. 
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(a) At which of the points A-J is the component of force in the x-direction 
equal to zero? 


(b) At which points does the force act in the direction that x increases? 


(c) At which point does the x-component of the force have the greatest 
magnitude? 


ITQ 16 Figure 30 shows a graph of the variation of the component F, of the 
force on an object with position x. 


(a) Is the force in the +x or —x direction? 


(b) Between which neighbouring pair of points is there the greatest change of 
potential energy, and between which pair is there the smallest change? 


(c) At which point is the potential energy highest? 


You may still have one niggling doubt about our simplified example of a sliding bead. 
After all, the bead was completely constrained by the wire; it had no choice for its 
direction of motion. What happens in situations where moving objects are less 
constrained, where they seem to have a variety of options for their paths? Take, for 
example, the marble in a round-bottomed cup, that was discussed in Section 1.10. 
When you displace the marble from its stable equilibrium, it appears to have a variety 
of options for moving down the side of the cup. Yet it never exercises this right of 
choice. If released from rest from a particular point, it always follows the same path. 
What is it that singles out this particular path from others? 


The problem can be approached by drawing a variety of directions along the surface 
of the cup from the starting point, and plotting the graphs of Egray for each direction. 
From the gradients of these graphs one can find the component of force in each 
direction. A comparison of these forces reveals that the actual path of the marble is the 
one along which the component of the force has the maximum value. In other words, 
when there seems to be a variety of options for the motion, the object moves in the 
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Figure 29 Potential energy variation 
referred to in ITQ 15. 


Force variation referred to in 


31 


direction of the net force acting on it, and this is the direction of the steepest gradient 
of potential energy at that particular point (consistent with constraints imposed on 
the motion by the shape of the surface, by grooves, barriers, etc.). 


In this context, it may help to think about the gradient of potential energy in terms of 
contour maps. The lines drawn on such maps are the lines of intersection between the 
surface of the Earth and (imaginary) levels of equal height, as shown in Figure 31. 
The gravitational potential energy changes most rapidly along the direction AB; this 
is the direction in which the contours are closest together and the slope is steepest. 
It will therefore require greater muscular effort (i.e. greater force) to travel in this 
direction than in directions AC or DE, where the contours are more widely spaced. 


(a) 


(b) 


Figure 31 (a) A contour map of a mountain and (b) a cross-section along line XY of the 
same mountain. The slope is steepest where the contour lines are closest together. 


To get some practice in the graphical handling of the relationship between force and 
potential energy, attempt the following two SAQs. 


SAQ 20 An unstretched spring lies with its axis along the x-direction so that 
one end is fixed and the other is at x = 0. When an external force F is used to 
stretch the spring, it is found that the magnitude of F increases linearly from 
zero to 10.5 N as the end of the spring is pulled from x = 0 to x = 0.35 m. Use 
Figure 32 to draw a force versus distance graph, and find the change of the 
potential energy of the spring when the extension is increased from 0.1 m to 
0.3 m. 


0 0.1 0.2 0.3 0.4 x/m 
Figure 32 For use with SAQ 20. 
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SAQ 21 Suppose that the potential energy of an object is given by the 
formula Epo: = x”. Using Figure 33, plot the energy—distance graph from x = 0 
to x = 3.5 m, and find from it the magnitude of the force that acts at the point 
x = 2.5 m. In which direction does this force act? 


j— E T + 2 
0 1 2 3 4 xim 
Figure 33 For use with SAQ 21. 


The centre of gravity of rigid extended objects 


So far we have assumed that the total gravitational force on an object acts at a single 
point. This cannot be true, of course, since each small element of mass will experience 
a gravitational force proportional to its mass. However, for any rigid extended body 
there is a unique point at which the total gravitational force—the total weight— 
appears to act. This point is known as the centre of gravity of the object. 


I have said before that in all cases discussed in this Course it is possible to identify the 
centre of gravity with the centre of mass, which was introduced in Unit 3. The centre of 
mass is the average position of the mass in a body, and is the point that reacts to 
external forces as if all of the mass were concentrated at that point. The centre of 
gravity, on the other hand, is the average position of the weight in a body, and is the 
point that responds to the effects of gravity as if all of the weight were concentrated at 
that point. In this Section we will clarify the meaning of the centre of gravity, show 
how it can be determined experimentally, and note the limits within which centre of 
gravity and centre of mass are identical. 


I can illustrate the meaning of the centre of gravity, and also suggest a way of finding 
its position, by considering the problem of holding a book with its sides horizontal 
and vertical. If you hold the book at one corner (Figure 34a) it is extremely difficult, if 
not impossible, to keep it in the position shown, but it becomes very easy when you 
hold the same book at the centre of the side (Figure 34b). Try this for yourself—it 
will only take a few seconds. 


(b) 


Consider first the attempt to hold the book at the corner. If you imagine the book 
subdivided into small bits of equal mass, such as A4, A,, A3, then the weight of each of 
these bits creates an anticlockwise torque about the point of support. The total 
torque due to all of these bits is exactly the same as the torque due to the total weight 
mg of the book acting at point C in Figure 34a. This point at which the total weight 
appears to act is the centre of gravity of the book, and it is at the book’s centre. 
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centre of gravity 


Figure 34 (a) Itis difficult to support 
book in this position by holding it at a 
corner, but (b) itis easy to support a 
book by holding it at the middle of one 
side. 
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If you were to keep the book in equilibrium with its sides horizontal, your hand would 
have to apply a large clockwise torque, in addition to supporting the weight of the 
book. For a heavy book this is well-nigh impossible. 


Now consider what happens when the book is held at the centre of a side (Figure 34b). 
The torques due to the weights of bits A, and A, cancel, since these bits have equal 
masses and are symmetrically placed with respect to the point of support. Similarly, 
for any other small bit that we select from the left half of the book, we can pick a 
symmetrically located bit of equal mass from the right half, and the torques due to the 
weights of these two bits will cancel. The total torque about the point of support will 
therefore be zero, and your fingers need only provide a vertical force to counter- 
balance the weight of the book. Zero torque in this case is consistent with the idea 
that the total weight of the book effectively acts at the centre of gravity. As you can 
see in Figure 34b, the centre of gravity C lies vertically below the point of support, and 
this means that the weight produces no torque about the support. 


You saw earlier that, when the book is supported at the corner, your hand must apply 
a clockwise torque to balance the anticlockwise torque due to the weight of the book 
acting at the centre of gravity. But what happens when you don’t supply a torque, so 
that you allow the book to rotate freely? The book will initially rotate anticlockwise, 
and will swing back and forth a few times, but eventually it will come to rest with its 
centre of gravity directly beneath the point of support. It comes to rest in this position 
because this is the position where the torque about the point of support due to 
the weight is zero. 


This result is quite general: if you support any object at a point so that it is free to 
rotate about that point, then when it comes to equilibrium the centre of gravity will 
lie directly below the point of support. This fact is the basis for a simple experimental 
method of determining the positions of centres of gravity, which you can try for 
yourself by doing the following exercise. 


Exercise: Make a test object by cutting a piece of card, or a sheet of strong paper, 
into any shape you fancy. Make at least three holes anywhere around the 
circumference. Find a suitable support—a nail or a pin ina wall will do nicely— 
and hang the object through each of the holes in turn. Each time, draw on the 
object a vertical line from the point of suspension. (A small object, such as a 
key, fixed to a long thread will define the vertical for you.) All lines should cross 
at one point, which is the céntre-of gravity of your test object. (If your lines 
do not pass through a common point, check that your test object is completely 
free to rotate when suspended, and that the lines you draw are really vertical, 
before you start claiming that you have disproved Newtonian mechanics!) 


To what extent is it true to claim that the centre of gravity, found by the technique 
just described, is identical with the centre of mass? The answer is that they are identical 
so long as the acceleration due to gravity g is constant throughout the object in 
question. The centre of mass is the average position of the mass of the object, whereas 
the centre of gravity is an ‘average’ position where the total weight effectively acts. If 
g is constant, which is a reasonable assumption for all objects on the surface of the 
Earth, then for each small bit of the object 


weight oc mass 


and the centre of gravity (which could equally well be called the ‘centre of weight’) 
coincides with the centre of mass. 


But what if g were not a constant vector over the whole volume of an extended rigid 
object? The centre of mass would still be the same, as defined in Unit 3, but the centre 
of gravity would no longer necessarily coincide with the centre of mass; it would be 
shifted more towards that part of the object where g is largest. This difference is never 
important in terrestrial mechanics; we can continue using the terms centre of mass 
and centre of gravity interchangeably within this context. 


Gravitational force and stability—a second 
look at the problem 


You already know that equilibrium conditions on their own (equation 8) do not tell 
you anything about how stable a particular equilibrium state is. In our first look at the 
problem of stability (Section 1.10) we found that stability depends on the various 
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constraints that determine the possible motion of an object when it is displaced from 
its equilibrium position. We found that a marble at the bottom of a round-bottomed 
cup was in stable equilibrium because every possible displacement along the inner 
surface of the cup meant an increase in potential energy. Once the temporary force 
that causes the displacement disappears, the marble returns to its initial position of 
the lowest possible gravitational potential energy. A marble, displaced from a 
position of unstable equilibrium on the tip of your finger, also follows a path leading 
to the lowest possible gravitational potential energy. 


It may have seemed odd to you that both stable and unstable equilibria were ex- 
plained by the same tendency towards reaching a position of minimum possible 
potential energy. Now we can throw some new light on this problem, using the results 
of Sections 3.4 and 3.5. 


One of the important points to emerge from Section 3.4 was that the gravitational 
force always acts in the direction in which the gravitational potential energy decreases. 
Thus the tendency of an object to minimize its potential energy is no more and no less 
than its tendency to move in the direction of the force acting on it. If an object is 
displaced from an equilibrium position to a point where the physical constraints 
would allow a large choice of directions of motion, the path actually taken is always in 
the direction in which the potential energy E „ray decreases most rapidly with distance, 
since this is the direction of the net force (Section 3.4). You can try releasing a marble 
several times (from rest) from the same point on the inner surface ofa cup. It will never 
‘hesitate’ about its path, but will always set off along the line of steepest slope. 


Yet another angle from which to consider the problem of stability is provided by the 
centre of gravity (Section 3.5). This is best illustrated by a gymnast, exercising on a 
single bar. Figure 35 illustrates two extreme situations, namely hanging down from 
the bar, and in a head-stand above the bar. In both cases the gymnast is in static 
equilibrium, but she would be the first to admit that there is a difference between the 
two equilibrium states. 


Try to describe the difference in terms of the centre of gravity before reading on. 


In both cases the sum of all forces is zero. The total torque is also zero, since in both 
cases the centre of gravity of the body is in the same vertical plane as the bar. The only 
real difference is that in the first case the centre of gravity is below the bar, whereas in 
the second case it is above the bar. Yet this makes all the difference to the stability of 
the two equilibrium situations. Referring back to Section 1.10, you can easily see that 
in the position shown in Figure 35a the gymnast is in the state with the lowest 
gravitational potential energy. Her centre of gravity is as near as it could possibly be 
to the centre of the Earth, whilst she remains attached to the bar. In the position shown 
in Figure 35b she has the highest possible gravitational energy. Thus a considerable 
effort is required to get from (a) to (b), but even a small loss of balance from position 
(b) would end in an accelerated return to (a)—if not worse! Or, to put it another way, 
the force of gravity would exert a torque about the bar that tended to correct any 
deviation from equilibrium (a), but that exacerbated any displacement from equi- 
librium (b). 


Summary of Section 3 


The force of gravitational attraction of mass m, towards mass m; is 


jf ee © (eq. 20) 
r r 


where G = 6.673 x 10°11 N m? kg”? is a universal constant and r the position 
vector of m, from m,. 


Near the surface of the Earth the magnitude of the acceleration due to gravity is 
approximately constant (g % 9.8 ms”), as long as any changes in height are small 
compared to the radius of the Earth. 


In a region where the acceleration due to gravity can be regarded as constant, the 
gravitational potential energy E,,,, of an object is directly proportional to its height h 
above some agreed ground level. Thus each surface of constant height is a surface of 
constant gravitational potential energy. 


The gravitational force can be calculated from the gravitational potential energy, and 
vice versa. The relationship between these quantities is summarized in the box on p. 30. 
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Figure 35 Two positions of a gymnast on a 


bar. Are both states equally stable? 
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The centre of gravity of an object is the point at which the weight of the object 
effectively acts. It can be found by suspending the object freely from several points. 
As long as g is constant, the centre of gravity is identical with the centre of mass. 


The relative position of the centre of gravity with respect to a point of support 
determines the stability of mechanical equilibrium. 


Gravity and planetary motion 


Imagine a system of two stars, close to each other, but sufficiently far from any other 
stars so that any external forces on the system are negligible. Can such a system of two 
isolated objects exist in a state of static equilibrium? 


You should have no doubts about the answer, since the ever-present force of gravity 
would bring the two objects crashing together. No system of two objects, interacting 
only by gravity, can ever be in static equilibrium. There are only two ways that 
material objects can continue to exist in stable configurations, with more or less 
constant separations between them. One way is to maintain a state of static equilibrium 
by balancing the forces of gravity with the aid of some other forces of non-gravitational 
nature (such as the forces involved in friction and strains). This is the main principle 
involved in the construction of static stable structures in the gravitational field of the 
Earth. The other way that a system of several objects can maintain a stable configura- 
tion is for the whole system to be in permanent motion, with the individual objects 
following well-defined closed orbits. The Universe is full of such systems. 


Two close stars may not be able to exist in static equilibrium, but they can (and do) 
exist in stable dynamic systems, where both of them rotate at a steady rate around their 
common centre of mass. Such systems are known as binary stars. But there are 
examples of stable dynamic systems that are more familiar. Many large stars have 
planetary systems, and the planets, in turn, can have small satellites, known as moons, 
that circle around them (Figure 36). All such orbital motions exhibit an astonishing 
stability, at least on the timescale of the history of mankind. 


Figure 36 Jupiter with four of its moons—Io, Europa, Ganymede and Callisto. These 
moons, which were first observed by Galileo in 1610, orbit around Jupiter with periods of 
42.4, 85.2, 171.7 and 400.5 hours respectively. (Photo: J. B. Waldron, Edinburgh.) 


What is responsible for the stability of these planetary and stellar orbits? The stability 
is a result of the nature of the gravitational force itself, and in particular of two aspects 
already mentioned in the previous Section. 


1 Gravity is a central force—which means that its direction is always along the 
straight line connecting the centres of gravity of two objects. 


2 Gravity is a conservative force—which means that the changes of the gravitational 
potential energy of a moving object depend only on the initial and final positions of 
the object, but not on the path that the object travels between these positions. 
(Section 3.4). 
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central force 


conservative force 


4.1 


In analysing stable orbital motions it is extremely useful to introduce a new con- 
cept—the concept of angular momentum. You will see in the following Sections that, 
for all stable orbital motions (whether circular or elliptical) due to the force of gravity, 
the total amount of angular momentum is conserved, and this is a direct consequence 
of the fact that gravity is a central force. In such situations the law of conservation of 
angular momentum plays a role analogous to the law of conservation of momentum in 
linear motions (Unit 3). The use of angular momentum makes it easier to solve 
problems involving orbital motions of planets and stars and you will see in later Units 
that the concept of angular momentum is equally useful for systems involving electro- 
static forces. 


Since angular momentum is an intrinsically visual concept, it will be taught with 
strong visual support provided by television. Section 4.1 therefore gives only a 
summary of definitions and statements and all teaching is done in the television 
programme for this Unit, TV4 Which way to turn? When revising this material, you 
should read Section 4.1 in conjunction with the TV Notes. 


Angular momentum: a summary of definitions 
and statements introduced in TV4 


1 Angular momentum L of a small object of mass m, orbiting about a fixed point O 
Definition: L=r x p= m(r x v) (33) 


where r is the position vector of the object from O (see Figure 37), and p = mvis the 
linear momentum of the object at point r. (Refer to Section 1.8 if you cannot recall the 
meaning of a vector product.) 


2 Angular momentum L of a rigid body, rotating about a fixed axis 
Definition: L= Zr; x p; (34) 
1 
where p; is the linear momentum of a small element (labelled i) of the body at a 
position vector r;, which is perpendicular to the axis of rotation. 


The direction of vector L is, in this case, always along the axis of rotation, ‘up’ for 
anticlockwise rotation, ‘down’ for clockwise. 


The magnitude of the angular momentum Lis easily found, since within a rigid body all 
parts rotate at the same angular speed œ, and the momentum pis always perpendicular 
to the position vector r, i.e. sin ~ = 1. Hence 


L= Z rip = E rmv = E rmro = ow E mr? = lo 


where I = X m;r? is the moment of inertia, introduced in Unit 3. 
1 


3 Torque and angular momentum 
If a torque F acts on an object, its angular momentum L changes in such a way that 
torque = rate of change of angular momentum, 


_ db 


-> (35) 


r 
This is a formal analogy of the relationship between force F and linear momentum p 
contained in Newton’s second law of motion: 


force = rate of change of momentum, 
dp 
E= 36 
dt Ge 


Derivation of equation 35 for a general case requires the use of certain rules of calculus 
that have not been introduced in this Course. But for the important special case when 
the rotating object always remains in the same circular orbit (i.e. r remains constant), 
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Figure 37 Definition of the angular 
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momentum L about point O of an object 


at position r moving with momentum p. 
Note that L is perpendicular to both r 
and p, and its magnitude is rp sin a. 


angular momentum and torque 
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the relationship between the magnitude T of the torque and the rate of change of 
angular momentum can be derived as follows: 
dL d(rp) 


dis 


since sin « = 1 for a circular orbit, 


since r is constant for a circular orbit 


(ate 
rdp 
Sade 


, 


d 
rF, since F= = (Newton’s second law), 


=I, since Il = rF when « = 90° 
4 Conservation of angular momentum 


If there is no net torque on a rotating object, then dL/dt = O according to equation 35, 
and so the angular momentum of the object remains constant. In other words, 
angular momentum is conserved in the absence of a net torque. Here are a few particular 
examples of what conservation of angular momentum means: 


(a) Small object moving in a circular orbit. In this case r is constant, and the 
momentum p is always perpendicular to the position vector r. So the magnitude L of 
the angular momentum is 


L = |r x p| =rpsina = mrv 


because sin « = 1. Conservation of angular momentum L means that v = constant, 
and so the angular speed œ (=v/r) is also constant. Thus conservation of angular 
momentum is equivalent to the condition of rotational equilibrium (Section 1.4). 


(b) Small object moving in an elliptical orbit. In this case the vectors r and p are not 
always perpendicular, and so the magnitude L of the angular momentum depends on 
the angle « between the directions of r and p. Thus 


L=|r x p| =rpsina = mrvsin « 


Conservation of angular momentum in an elliptical orbit means that the speed v 
increases when the distance r decreases or the angle decreases. You will meet this 
result again in Section 4.2, where we discuss Kepler’s laws of planetary motion. 


(c) Rigid body rotating about a fixed axis. The moment of inertia I of a rigid body 
about a fixed axis is constant, and so conservation of angular momentum means that 


L = Iw = constant, i.e.œ = constant 
5 Rotation of non-rigid objects 


If there is no net torque, the angular momentum ofa rotating object remains constant, 
according to equation 35. No object can therefore continue to rotate at a constant 
angular speed œ% if the distribution of its mass changes so that its moment of inertia 
changes (think of a pirouetting figure-skater, for example). Angular speed œ will 
change in response to changes of moment of inertia J in such a way as to conserve 
angular momentum, i.e. 


L = Im = constant 


In the case of a figure-skater, stretching the limbs out increases the moment of inertia 
and slows down the rotation, whereas folding in the limbs speeds up the rotation 
because it causes a decrease in the moment of inertia. Taking an example on a 
cosmological scale, if a large ball of cosmic dust is formed, and gradually contracts in 
size (due to gravitational attraction), its speed of rotation increases as it shrinks. 


Kepler’s laws of planetary motion 


You may know (either from general knowledge, or in more detail from the Science 
Foundation Course) that the motions of the planets in the solar system were success- 
fully described by three simple laws, formulated by Johannes Kepler (1571-1630) on 
the basis of accurate observations collected by Tycho de Brahe (1546-1601). Kepler’s 
three laws can be stated concisely as follows: 


Kepler’s first law 
The path of each planet is an ellipse, with the Sun at one focus (Figure 38). 
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conservation of angular momentum 


Kepler’s laws of planetary motion 
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Kepler’s second law 


The position vector of a planet from the Sun sweeps out equal areas in equal intervals 
of time (Figure 39). 


Kepler’s third law 


The relationship between the orbital period T and the largest radius R of the orbit 
(Figure 38) is the same for all planets: 

T? = kR? 
where k is a constant. 


Kepler’s laws are nothing more than statements of observation. They do not explain 
why the planets move the way they do. However, Newton’s theory of universal 
gravitation, expressed in equation 20, together with Newton’s laws of motion, should 
determine every detail of the motion of a planet. This means that it should be possible 
to deduce Kepler’s observational laws from Newton’s theory. 


All three of Kepler’s laws can indeed be deduced from the theory of gravitation. We do 
not have enough time to derive all three, so we will concentrate on Kepler’s second 
law, which involves conservation of angular momentum. According to equation 20 
the gravitational force on a planet at any point of its orbit is always in the opposite 
direction to the position vector of the planet from the Sun (Figure 40). Another way of 
expressing this is to say that the force on the planet is central and attractive. But a 
central force—a force directed towards the Sun—can exert no torque on the planet 
about an axis passing through the Sun. This follows from the definition of torque, 


Figure 40 The gravitational force F on a 
rT=rxF (eq. 6) planet is central, so it produces no torque 
about the Sun, and the planet’s 


since for the gravitational force we are considering angular momentum is conserved. 


|| = |r x F| = rF sin « = rF sin 180° = 0 


where = 180° is the angle between the position vector r of the planet and the direc- 
tion of the gravitational force. However, zero torque about the Sun means that the 
angular momentum L of the planet about the Sun is constant, i.e. the planet’s angular 
momentum is conserved. It is important to note that the conservation of the planet’s 
angular momentum is a consequence of the central nature of the gravitational force. 
In later Units you will see that electrostatic forces, which are also central, can lead to 
situations in which angular momentum is conserved. 


The statement that angular momentum is conserved means that the angular momen- 
tum L isa vector whose direction remains fixed in space and whose magnitude remains 
constant. But from the definition of a vector product (Section 1.8), you know that the 
direction of the angular momentum L = r x p is always perpendicular to the plane 
containing vectors r and p—in other words, perpendicular to the plane of the orbit. 
Conservation of angular momentum thus predicts that the plane of the orbit must be 
stable in space and not wobble about. This is indeed confirmed by observations; 
orbital planes of all planets are essentially stable. (Any small variations can be 
accounted for by the theory of gravitation, and are due to the gravitational interaction 
between individual planets.) 


Now for the consequences that follow from the angular momentum having a constant 
magnitude. For a circular orbit, the position vector r and the momentum vector Pp 
are always perpendicular (sin æ = 1), and therefore 


L = rp = rmv 
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Since m and r are constant, the constancy of L means that a planet in a circular orbit 
must move at a constant speed. In this case the position vector r obviously sweeps out 
equal areas in equal intervals of time, as stated in Kepler’s second law. 


0; 


If the planetary orbit is elliptical, it is no longer true that the position vector r and the 
momentum pare always perpendicular. So the magnitude L of the angular momentum 
is now rp sin a, where « is the angle between r and p (see Figure 41). But since the 
angular momentum L is conserved, then at any point along the orbit it must be true 
that 

rp sin « = mrv sin « = constant, and so 


rv sin & = constant (37) 


Let us choose a segment of the path As, that is sufficiently small for the speed v to 
remain constant during the interval At it takes the planet to travel through As. Then 
we can write 


As = vAt 


The area of the segment, swept out by the position vector r during the time At, can 
be found from Figure 42. The Figure is grossly exaggerated, but even on this scale it is 
acceptable to claim that the two shaded areas are very nearly equal. Thus the area 
swept out by r, defined by SBC, can be taken as being equal to the triangle defined by 
SB'C’. 


Figure 41 Angle « between r and p varies 
along an elliptical orbit. 


The area of this triangle is 
AA = 3rAs sin « = $rvAt sin a (38) 


But according to equation 37, conservation of angular momentum means that 
rv sin « is constant, so equation 38 is just a mathematical statement of Kepler’s 
second law: the area AA swept out by the position vector of the planet is always 
constant for equal intervals of time At: 


AA = constant x At 


We have derived this law from the theory of gravitation by using the concepts of 
torque and angular momentum. 


Notice that nowhere in this Section have we made any specific reference to the masses 
of the Sun and the planets, or to their distances. All our discussion has been completely 
general, particularly in the case of the derivation of Kepler’s second law. It is therefore 
obvious that as long as the force of gravity is a universal force, acting in the same way 
throughout the Universe, the laws of planetary motion are also universal. Out there in 
the Universe there are millions upon millions of stars, very similar to our Sun. More 
likely than not, many of them have their own planetary systems of tiny (relatively 
speaking) satellites. All these planets move in stable orbits with constant angular 
momentum. Perhaps on some of them there may be local Keplers, charting the 
motions of the planets and trying to make sense of them? Sooner or later, they would 
discover the same set of laws of planetary motion (or they may have done so already). 
And if there are local Newtons, they too will puzzle out the same theory of universal 
gravitation. Even though we know (and they know) that we cannot share in each 
other’s achievements, it is immensely satisfying to be aware of this universality of the 
basic laws of nature. 
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as 


Figure 42 The area swept out by the 


position vector as the planet moves from B 
to C is the area of the triangle SB’C’. 


4.3 Summary of Section 4 


Two objects interacting only by gravity cannot remain in static equilibrium. A stable 
geometrical configuration can only be achieved when the forces of gravity are 
compensated by some other (non-gravitational) forces, or when the whole system is 
in orbital motion (about a common centre of mass). 


Angular momentum is an important physical concept, and a summary of definitions 
is given in Section 4.1. In the absence of any torque, angular momentum is conserved 
and this helps to explain the stability of planetary orbits. 


Kepler’s laws of planetary motion can be deduced from the theory of universal 
gravitation. This means that they must be valid anywhere in the Universe, not just in 
our solar system. 


Self-assessment questions for Section 4 


SAQ 22 An asteroid (mass 10'* kg) travels in an elliptical orbit around a star. At a 
certain instant its speed is 10* m s~ t, its distance from the star is 101? m, and the 
angle « between the position vector of the asteroid (relative to the star) and the 
velocity of the asteroid is 75°. What is the magnitude of the angular momentum of the 
asteroid about the star? 


SAQ 23 A roundabout in a children’s playground has a moment of inertia I of 
150 kg m? and is set rotating with a period of 3 s. A child of mass 20 kg steps onto the 
roundabout at a distance of 1 m from the centre. Calculate the new period of rotation, 
assuming that no external torques are applied and friction can be neglected. 


SAQ 24 A turntable of a record player rotates at 33 r.p.m. The turntable is a 
cylindrical disc of mass 1.5 kg and diameter 32 cm. 


(a) Calculate the magnitude of the angular momentum L of the turntable. (In Unit 3, 
you saw that the moment of inertia of a cylinder or disc about its axis of symmetry is 
4MR?.) 

(b) Describethe direction of vector L (assuming that the turntable rotates clockwise). 


(c) Assuming that friction is negligible, calculate the average magnitude of the 
torque that must be provided by the driving mechanism if the turntable is to reach its 
full speed within 3 seconds from rest. 


Objectives 


After studying Unit 4, you should be able to 


1 Giveclear definitions of states of translational equilibrium, rotational equilibrium, 
complete mechanical equilibrium, and static equilibrium; express, in both words and 
symbols, the conditions that must be satisfied for the equilibrium states to exist, and 
use these conditions to perform simple calculations (SAQs 1, 2, 3, 10 and 11) 

2 Define torque and calculate the torque of a given force about a specified axis 
(SAQs 4-8, 10 and 11) 

3 State what is meant by the vector product a x b of two vectors, and use the right- 
hand rule to determine the direction of the vector product (SAQs 7 and 8) 

4 Decide whether a specified equilibrium state is stable, unstable or neutral, and 
describe how the stability of equilibrium states depends on the change of potential 
energy in small displacements from equilibrium (SAQ 9) 

5 Break down the weight of an object on an inclined plane into two component 
forces at right angles to each other (SAQs 12, 14 and 15) 

6 Describe the effects of static and dynamic friction on an inclined plane (ITQs 
6-11; SAQs 12-16) 

7 Explain the operation of levers and a two-pulley system in terms of forces and 
torques (SAQs 17, 18 and 19) 

8 Explain why inclined planes, levers and pulleys are useful, although they do not 
save work (ITQ 5; SAQs 16 and 19) 


9 State the law of universal gravitational attraction and use it to solve simple 
problems (ITQs 12, 13 and 14) 
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10 Explain why g is approximately constant at the Earth’s surface, and describe the 
form of the surfaces of constant gravitational potential energy around the Earth 


11 Recall that 
force = —(gradient of potential energy—distance graph), and 
potential energy change = area under force—distance graph 


and use these relations to perform simple calculations of forces and potential energy 
changes (ITQs 15 and 16; SAQs 20 and 21) 


12 Describe how to find the centre of gravity of an extended object (Exercise in 
Section 3.5) 


13 Define the angular momentum L of a small object orbiting about a fixed point 
and of an extended rigid object rotating about a fixed axis (SAQs 22, 23 and 24) 


14 Recall that torque is equal to the rate of change of angular momentum, and use 
this relationship to solve simple problems (SAQ 24) 

15 State the condition for the angular momentum of a body to be conserved, and 
use the law of conservation of angular momentum to explain simple physical 
phenomena and solve simple problems (SAQ 23) 


16 Describe in general (non-mathematical) terms the relationship between Kepler’s 
laws of planetary motion and the theory of universal gravitation 


17 Explain why the central nature of the gravitational force leads to conservation 
of the angular momentum of a planet about the Sun, and state the effects of angular 


momentum conservation on the orbits of planets 


ITQ answers and comments 


ITQ1 The three forces F,, Fy and Fcare the same, and are equal in 
magnitude to the weight of the brick compressing the springs. Thus 


Fy = Fg = Fc = mg = 1.5 x 9.8 kg m s™? = 14.7 N 


Different degrees of compression merely reveal that the three 
springs, although of the same initial length, must be made of different 
materials or be of different construction (or both). 


ITQ2 No; one has to be very careful about any formulation that 
expresses a relationship between two categories of objects, or 
between observations and their explanations. Taking up the hint, I 
for one would accept as truthful the statement that ‘All O.U. students 
are hard-working people’. But can you say, in reverse, that ‘All 
hard-working people are O.U. students’? Alas, not. In the same way 
you cannot say that if the sum of all forces acting on an object is 
zero, then it must be at rest. The absence of forces means the absence 
of accelerations (Newton’s second law), but not zero velocity. An 
object may be moving at a constant velocity when there is no net 
force acting on it (Newton’s first law). 


ITQ3 F = mg sin a = mg, since sin 30° = 4. So F is 50% of the 
weight. 


ITQ4 Since the object is to move at a constant velocity, the force 
pulling it must have the same magnitude as F - This is 


F = mg sina = 100 kg x 98ms~? x 0.5 = 490 N. 


ITQ5 The answer is the same in both cases: 980 J. 
(a) AE = mgAh = 100kg x 9.8 m s™? x 1m = 980 J. 


(b) The force is less (490 N), but the length over which it must act is 
now 2 m. (Draw a sketch if you cannot see this immediately.) 


ITQ6 (a) Zero—if there was a non-zero net force, the object 
could not slide with a constant velocity. 


(b) The magnitude of the force of dynamic friction is therefore 
equal to F| = mg sin a. 


ITQ7 Net force on the coin is zero at « = 0 (weight fully com- 
pensated) and mg at « = 90° (no support). 
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ITQ8 Zero—otherwise the coin would not remain at rest. 


ITQ 9 There must be some other force present, which exactly 
balances out F at all angles less than a. This force is due to static 
friction. 


ITQ10 Ata = a the magnitude of the force F , exceeds the force 
due to the static friction. 


ITQ 11 Accurate measurements would reveal that at « = a the 
coin actually accelerates, so F exceeds the force due to friction not 
just as it begins to move, but all the way. In fact the only way to 
achieve a perfect balance of forces (no acceleration) would be to 
lower the incline of the plane slightly below a» once the coin gets 
moving. 


ITQ 12 The magnitude of the force of gravitational attraction 
between the two cars is given by equation 21: 


mm, 6.67 x 1071! N m? kg™? x 10° kg x 10° kg 
2S = (6 m)? 


ESG 


=~2~x 10°°N 
The same equation gives the magnitude of the gravitational force 


between the car and the Earth: 


6.67 x 1071! x 6 x 1074 x 103 
F= 
(6 x 10°)? 


zx 10*N 


The first force is clearly negligible in comparison with the second; 
the ratio of their magnitudes is approximately 2 x 107 1°! 


ITQ13_ Proceeding as in ITQ 12, the magnitude of the force due to 
the Moon is 
mym, 6.67 x 10711 x 10° x 7 x 107? 

TES (4 x 108)? 


F=G 


%3 x 107? N 


In comparison with the force due to the Earth, the gravitational force 
on acar due to the Moon is approximately 3 x 107° times smaller in 
magnitude. 


ITQ 14 (a) Since it is assumed that the Earth provides the only 
force of gravity on the Moon, the acceleration of the Moon towards 
the Earth must have a magnitude (according to equation 24) 


Im= a 
Fi 


where M, is the mass of the Earth, and ry is the radius of the Moon’s 
orbit. 


Substituting numerical values gives 


6.67 x 10°11 N m? kg~? x 5.98 x 1074 kg 
(3.84 x 10°) m? 


Im 


=27 x 10-2 ms ? 


(b). In any uniform circular motion, the acceleration towards the 
centre has a magnitude a = wr, where œw = 2n/T is the angular 
speed, r is the radius of the circle, and T is the orbital period. In the 
case of the Moon, T = 27.32 x 24 x 60 x 60 seconds = 2.36 
x 10° s, and r = ry = 3.84 x 108 m, and so 


aa 4n? 
(2.36 x 10° s)? 


Ay = OT x 3.84 x 108 m 


SAQ answers and comments 


SAQ 1 (a) If the crate is in translational equilibrium, then the 
components of forces F,, F,, and F, in the x-direction must add up 
to zero, and their components in the y-direction must add up to 
zero. (We assume that none of the forces has a z-component per- 
pendicular to the page.) The x- and y-components of the three 
forces are 


force F, F, F, 
x-component/10° N 0 —1.5 1.5 
y-component/10? N —2.5 0.5 2.0 


These components satisfy equation 2, and so the crate is in transla- 
tional equilibrium. 


(b) The vector (F, + F,)is shown in Figure 43. It was obtained by 
adding F, and F, by the technique of triangle addition: F, was 
moved, keeping its direction constant, so that its tail coincided with 
the head of F,, and the vector sum (F, + F,) completed the triangle. 
The diagram shows that F, + F, = —F3, i.e. the sum (F, + F3) 
has the same magnitude as F,, and is in the opposite direction to the 


Figure 43 Vector addition of three forces (SAQ 1). 
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You should not be too surprised at the agreement between the values 
that you calculated for gy and ay. It only confirms that the theory of 
gravitation successfully explains the motion of the Moon. 


ITQ15 (a) A,C,E, Gand I. The force is zero where the gradient 
of the potential energy versus position graph is zero, that is at the 
‘peaks’ and ‘troughs’ of the curve shown in Figure 29. 


(b) B,Fand J, since at these points, the potential energy decreases 
as x increases. Remember, the force acts in the direction that the 
potential energy decreases. 


(c) B,sincethe x-component of the force has the greatest magnitude 
where the gradient of the potential energy versus position graph has 
the greatest magnitude. 


ITQ 16 (a) The force is in the + x-direction, since the values of 
F, are positive. 


(b) Thechangein potential energy is equal in magnitude to the area 
under the graph. Since the area between points E and F is greatest, 
the potential energy change between these points is greatest. The 
smallest potential energy change occurs between points A and B. 


(c) Since the force is in the + x-direction, the potential energy 
decreases in that direction. The potential energy will therefore be 
highest at point A. 


direction of F,. This confirms that the crate is in equilibrium, since 
F,+F,+F,=0. 


(c) Figure 43 shows that 
(F, + F;) = —F, and (F, + F3) = —F, 
both of which confirm that 
F,+F,+F;=0, 


and that the crate is in translational equilibrium. This result is 
obviously independent of the order in which the vectors are 
combined. 


SAQ 2 (a) Your vector diagram should look something like 
Figure 44. The resultant force must be the same even if you chose to 
combine the three forces in a different order. 


Figure 44 Vector addition of three forces (SAQ 2). 


(b) Forces F, and F, have equal components in the direction of F3, 
each of magnitude 1.5 x 10° N x cos 30° = 1.5 x 10° N x 0.866 
x 1.3 x 10° N. Adding both of them to the magnitude of F, gives 
the magnitude of the resultant force: 


(1.5 +2 x 1.3) x 10°N = 41 x 10°N. 


(c) No, youcannot calculate the mass. All you can say is that since 
the rig is travelling at constant velocity, the resultant force with 
which the tugs are pulling is exactly equal to the force with which 
water and air resist the motion of the rig. 
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(d) The energy transferred by a force of magnitude 4.1 x 10° N 
over a distance of 10* m is 


AE = 4.1 x 10°N x 10*m= 4.1 x 10!°J 


All of it is dissipated in the sea (and air) as internal energy (‘heat’). 
Notice that the information about the speed of motion was super- 
fluous! 


SAQ3_ (a) and (b) must be true, since these are just two different 
forms of the condition for translational equilibrium. 


(c) isnot true; if it were true, the total force would be different from 
zero and the object would not be at rest. 


(d) must be true; for the two forces (F, + F,) and (F, + F,) to 
cancel each other out, their magnitudes must be equal. 


(e) need not be true; indeed it can only be true in a special case 
when F, and F, act in the same direction (otherwise |F| + | F4| is 
always greater than |F, + F |). 


SAQ4 The physical dimensions of torque can be worked out from 
the physical dimensions of the quantities included in the definition 
of torque (equation 4). Remember, the square brackets are just a 
symbol for saying ‘the dimensions of. . .. Basic dimensions are mass, 
length and time, which we will denote by M, L and T, respectively. 
Thus 


LF] = [M] [4] 
because of Newton’s 2nd law, and 
el = 
[a] = rT) and [v] = T 


Thus [F] = [MLT ?]. 

Since [r] = [L] 

and since sin « is a dimensionless number, we have finally 
[r] = FF] = [L] x [MLT~2] = [ML2T~?]. 

Thus the physical dimensions of torque are ML? T~?. 


Substituting basic SI units for M, L and T gives the basic SI unit for 
torque as kg m? s7? = N m. You will remember that the joule, the 
unit of energy, is also equivalent to a newton metre (N m). We could 
therefore express torques in units of joules. However, since torque 
and energy are completely different concepts, we will always express 


torques in newton metre, and will reserve the joule for energies. 


SAQS5 The magnitude I, of the torque due to the weight of the 
door i 


T, = rF sin « = 0.5m x 20 N x sin 60° = 8.7 Nm, 


and this torque is in the clockwise direction. The supporting force F 
must provide a balancing torque in the anticlockwise direction of 
magnitude 


T =rFsina=1m x F x sn90°=Fxim 


In equilibrium both torques must have the same magnitude, hence 
F=87N. 


SAQ6 (a) The torque will be zero when the minute hand points 
towards XII and towards VI. The full weight of the pigeon will push 
against the central shaft (XID) or pull on it (VI). 


(b) According to our convention, positive torques correspond to 
the anticlockwise direction. The torque due to the pigeon will 
therefore be positive when the minute hand moves from VI towards 
XII. Its magnitude will have a maximum when the hand points to 
IX. 


(c) The largest negative torque will occur when the minute hand — 


points towards III. 


(d) The largest positive torque will be of the same magnitude as the 
largest negative torque, since it is the same hand (same r) and the 
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same pigeon (same mg). This assumes, of course, that the pigeon has 
not moved closer to the centre, or further away. 


(e) Your diagram should go through zero at t = 0, t = 30 min 
and t = 60 min. It should have a negative minimum at t = 15 min 
and a positive maximum (of the same magnitude) at t = 45 min, 
and the shape should be sinusoidal. 


SAQ 7 Both definitions involve multiplication of two vectors. 
But in one case the product is a scalar quantity E = F-s, in the 
other the product is a vector I = r x F. The magnitudes of the 
products depend in different ways on the mutual orientation of the 
two vectors: 


(i) scalar product depends on cos g, and therefore has a maximum 
for a = 0 and is zero for a = 90°; and 


(ii) vector product depends on sin « and therefore has a maximum 
magnitude for x = 90° and is zero for a = 0. 


SAQ 8 (a) According to the right-hand rule, torque I, is 
directed upwards, perpendicular to the plane shown in Figure 13. In 
fact, F, and r, are in the same directions as b and a shown in 
Figure 11. T, is directed downwards, again perpendicular to the 
plane shown: in this case you need to turn your hand over to align 
your palm and fingers with r, and F, 


(b) The magnitude of the torque is given by I = rF sin «. Thus 
r, =04mx5N x sin30°=1Nm 
T,=05mx5Nx2=15Nm 


In the latter case, r, is the diagonal of the rectangle, which is 0.5 m 
(using Pythagoras’ theorem), and sin « = 0.3/0.5. Sketch in r, and 
a on Figure 13 if this is not clear. 


(c) I, and T, are both perpendicular to the table top, but they are 
in opposite directions. Their vector sum F will be in the same direc- 
tion as I, i.e. downwards, since T, > I’. The magnitude of I is 
simply T, — F, = 0.5 N m. 


SAQ 9 (a) Stable; when pulled down and released, the object will 
soon return to its original equilibrium position, due to the restoring 
force of the tension in the spring. 


(b) Stable;a sideways jerk will cause oscillations, but the restoring 
force of gravity will eventually guarantee the return to the initial 
equilibrium state. 

(c) Unstable (as poor Jerry would testify, if he lived to tell the tale). 


(d) Stable; the downward force of gravity corrects any displace- 
ments. 


(e) Neutral; true everywhere on the surface. 
(f) Unstable (that is the fun of it!) 


SAQ 10 The forces acting on the plank are shown in Figure 45. 
The weight of 392 N acts at the centre of the plank, and the upward 
forces F, and F, exerted by the two people act 0.5 m and 1.5 m from 
opposite ends. For translational equilibrium, the sum of the forces 
must be zero, and since all forces are in the vertical direction 


F, +F, -392N=0 


Figure 45 Forces acting on a plank (SAQ 10). 


We now apply the condition for rotational equilibrium, namely 
Z T; = 0. This must be true for any point about which we choose to 


calculate the torques. For convenience, we can calculate the torque 
about the point at which F, acts, because then the torque due to F, 
is zero. Thus, using our convention that anticlockwise torques are 
positive and clockwise torques are negative, 


(F, x 2m) — (392 N x 1.5m) =0 
F, = 294 N 


From the condition for translational equilibrium we deduce that 
F, = 98 N. Clearly the person nearer the centre carries the heavier 
load. 


SAQ 11 Figure 46 shows the forces acting on the plank. The force 
F, at the hinge acts at an unknown angle. However, we do not need 


Figure 46 Forces acting on a plank (SAQ 11). 


to worry about this force, since we can determine the tension F in 
the rope by using the condition for rotational equilibrium about the 
hinge: 


sum of torques about hinge = 0 
(F x 6m x sin 135°) — (98N x 5m) — (196 N x 3m) = 0 
F = 254 N 


SAQ12 When the object is at rest, the force of static friction is equal 
in magnitude to the component of weight parallel to the plane 


f: = mg sina = 100 N x sin 8° = 14N 
SAQ 13 Constant velocity means a balance of forces. Hence the 


force of dynamic friction is equal to 14 N. The gentle push, mentioned 
in the question, is necessary to overcome the static friction. 


SAQ 14 At « = 11° the component of the weight parallel to the 
plane is 

F = mg sin « = 100 N x sin 11° = 19 N 
This is the maximum force of static friction. 
SAQ 15 The coefficient of dynamic friction can be found from the 
observation that at « = 8° the object slides with a constant velocity 


and the force of dynamic friction is f4 = 14 N (SAQ 13). From 
equation 10, which defines the coefficient of dynamic friction, 
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where F, is the component of weight perpendicular to the plane. 
Because F, = 100 N x cos 8° = 99 N, we obtain 
Ha = 3$ = 0.14. 


In a similar way, u, can be found from the observation that spon- 
taneous slide begins at « = 11°, corresponding to 


F, = 100 N x cos 11° = 98 N, 


and Si, max = 19 N (SAQ 14). 
J: max 19 
S =e 0 
o 4 F R 0.19. 


SAQ 16 (a) Since the object travelled at constant velocity, the 
applied force must be equal in magnitude to the sum of the dynamic 
frictional force and the component of weight parallel to the plane. 
From SAQs 12 and 13, we know that fa = 14 Nand F} = 14 N. The 
applied force must therefore be 28 N. 


The energy transferred is given by AE = Fs cos 8. Since F and s are 
in the same direction, 0 is zero, cos 0 = 1 and so AE = Fs. 


From Figure 15 it should be obvious that the distance s travelled 
along the plane is related to the change of height Ah by sin « = Ah/s. 
Thus 


lm 
AE = Fs = 28N x = 200 J. 


in 8° 


(b) From Unit 3 you should remember that AE, ay = mgAh, where 
Ah is the change in height. Thus 


AE gay = mgAh = 10kg x 10 ms™? x 1 m= 100J 


(c) The energy dissipated is simply the difference between the 
energy transferred to the object and the energy stored as gravitational 
energy, so 


energy dissipated = 200 J — 100 J = 100J. 


SAQ 17 When the beam is balanced, the condition of rotational 
equilibrium applies. Hence the torque provided by the (unknown) 
force, acting at 2 m from the pivot, must be of the same magnitude 
as the torque due to the load, placed at 1 m from the pivot: (load) 
= 100 N m. The force therefore has a magnitude of 50 N. 


SAQ 18 (a) The magnitude of the torque due to the load is 
T = 250 N x 0.2m = 50 N m 


For equilibrium to exist, the force of 50 N must therefore act at a 
distance of 1 m from the pivot. So the length of the beam must be 
1m. 


(b) Since the beam is in equilibrium, the resultant force must be 
zero. The force exerted by the pivot must therefore balance the sum 
of the weight of the load (250 N downwards) and the supporting 
force (50 N upwards). So the force exerted by the pivot must be 
200 N and it must be directed vertically upwards. 


(c) With the beam at 45°, the condition for rotational equilibrium 
about the pivot becomes 
250 N x 0.2m x sin 45° = F x 1 m x sin 45° 


where F is the magnitude of the vertical supporting force. The sin 45° 
terms cancel, and we are left with F = 50 N—the same force as when 
the beam was horizontal. Applying the same arguments as in part 
(b), the force exerted by the pivot will again be 200 N in the upwards 
direction. 


SAQ19 (a) Whentheload moves up by 1 m, both ropes on which 
it is suspended are shortened by 1 m. Hence the person has to pull 
over 2 m of the rope. 


(b) Increase in gravitational potential energy is 


AE gray = Mgh = 800 N x 1m = 800J 
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(c) The force exerted is (800 N)/2, and the distance through which 
the force acts is 2 m. So the work done is 


W = Fs = 800 J 


This is equal to the increase of gravitational energy that was cal- 
culated in part (b)—not surprising, since we assumed that there were 
no energy losses due to friction. 


SAQ 20 Your graph should look something like Figure 47. The 
energy transferred to the spring when its extension is increased from 


> 


H 
0 0.1 0.2 0.3 0.4 x/m 


Figure 47 A force-distance graph for SAQ 20. 


0.1 mto 0.3 mis equal to the area that is shaded. This energy is stored 
as strain potential energy in the spring. Thus the increase in the 
potential energy of the spring is 


AE po = Shaded area = (3 x 0.2 +4 x 6 x 0.2)=12J 


Note that you could have got the same answer by plotting a graph 
showing the force exerted by the spring. From Newton’s third law: 


force exerted by spring = —force extending spring, 


and so a graph showing the force exerted by the spring would be 
similar to Figure 47 except the force plotted would be negative 
rather than positive. But the area under the force—distance graph 
between 0.1 m and 0.3 m would be the same: 1.2 J. 


SAQ 21 Figure 48 shows the energy—distance graph you should 
have drawn. The gradient at x = 2.5 m is approximately 
AE, 10Nm 


1r = =5N 
Ax 2m 


0 1 2 3 4 xim 
Figure 48 An energy-distance graph for SAQ 21. 
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(from the straight line which is a tangent to the energy curve at 
x = 2.5 m). So the force which acts at the point x = 2.5 m has a 
magnitude of 5 N. (Drawing of a tangent can involve a considerable 
uncertainty, so your own result may differ from 5 N. It is the prin- 
ciple, not the actual number, we were after here.) The force acts in 
the direction in which the potential energy decreases, which is the 
negative x-direction in this case. 


SAQ 22 The angular momentum is calculated using equation 33: 
|L| = |r x p| = m|(r x v)| = mrvo sin « 
Using the data in the question 
L = 10'*kg x10 m x 10*ms~! x sin 75° 
= 9.7 x 10??kgm?s7! 
SAQ 23 As no torques are applied, the angular momentum must 
be conserved. 


Thus 


angular momentum of angular momentum of 
roundabout before |= | roundabout and child 


child steps on after child steps on 


The initial angular speed of the roundabout is (27/3) rad s+, and 
the final angular speed is (2x/T), where T is the final period. The 
angular momentum of the roundabout has magnitude Iw, and the 
angular momentum of the child has magnitude mr?@, where m is 
the child’s mass and r is the child’s distance from the centre. Thus 


2 2 
Ix (2) rad s™! = (I + mr’) x (=) rad s~! 
2n 27 
150 x — = (150 + 20 x 1.0°) — 
s e Ee 


F=34s 
So the roundabout slows down in order to conserve angular 


momentum. 


SAQ 24 (a) Fora rigid extended object L = Jw, where %w is the 
angular speed in radians per second and J is the moment of inertia 
(Unit 3). 


For a cylindrical disc, I = 4MR?, so 

I =4 x 1.5 x 0.16? kg m? = 1.92 x 10°? kg m? 
Angular speed is œ = 2x/T where T is the period (time of one 
revolution). 


From 33 r.p.m. 


2n x 33 


e =f 
o 3.46 rad s 


T=$}s, ando = 


So 
L = Im = 1.92 x 10°? x 346kg ms: 
= 6.64 x 10°? kpm? s~! 


(b) The direction is downwards along the central shaft. This 
follows from. applying the right-hand rule to the vector product 
L =r x p. Refer back to Section 1.8 if you are unsure of this. 


(c) The torque must produce an angular momentum of 6.64 x 
107? kg m? s~! (from part (a)) in 3 s. Thus 
AL 6.64 x 10°*kgm?s"! 
m 3s 


= 2.21 x 10°-?7Nm. 
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Study guide 


While studying the Block on mechanics (Units 2-4), you have met a large number 
of physical and mathematical concepts, some, or perhaps many, of which may have 
been new to you. It is important that you have a good grasp of these concepts before 
moving on to the next Block, because subsequent Units of the Course will make use 
of them and develop them further. Unit 5 has therefore been set aside for you to revise 
and consolidate the material you have already met. 


During the study period for this Unit, your first aim should be to complete any parts 
of Units 2-4 that you were forced to skim or omit because of time constraints, and 
you should also attempt any SAQs that you omitted. Having done that, you should 
go on to study the audiovision sequence for this Unit, which concentrates on review- 
ing the basic ideas about vectors. Because of the importance of vectors, the effort 
that you put into familiarizing yourself with vector notation and the use of vectors 
will be amply rewarded in later Units and in other physics courses that you might 
tackle in the future. 


The television programme, TV5 Juggling with physics, also concentrates on 
revising mechanics; after viewing it, you should try the SAQs in the TV Notes. 


Twelve additional SAQs are included in the Unit to aid your revision and to allow 
further practice at problem-solving. In addition, in Section 3.1 we have listed the 
most important concepts of mechanics, together with the SAQs from Units 2-4 that 
test your understanding of these concepts. You can use this list to identify the SAQs 
that are related to concepts that you need to revise. 
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Vectors in perspective: a revision 
audiovision sequence 


Study comment This audiovision sequence revises the major ideas about 
vectors that have been introduced in Units 2—4, and does not contain any new 
material. The commentary is on Tape 2 and the Frames referred to are printed 
below. You will need to have pencil, paper and ruler handy. 


(2) Vectors and scalors 


Acceleration is a vector quantity 


VECTORS require both magnitvde 
and direction to specify them 


SCALARS have magnitude only, 
no direction 


vectors scalars 
Is the acceleration due to gravity 


the same at points A and B ? 


printed a,F,v m.t 


written Ey mt 


Three ways of representing a vector 


(b) 
v=2ms'! 


© = 30 to horizontal 


V= l T3m' — X 


Magnitude and Components in 
Vector arrow plus scale : : : 
direction of the vector perpendicular directions 


All three representations contain exactly the 
game information about the velocity vector 


Two problems 


(i) What are the Components of force F ? (ii) Momentum p has components 


P =9 kgms", py=12 kgms" 


scale iem: IN 


What are the magnitude and 
direction of eE 


Check your answers on p7 before restarting the Tape 
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More vector jargon 
___ gs |¥| means ‘the magnitude of y' 


Modulus sign | | 
—_—*|¥] means the same as v 


The magnitude of a vector is always positive. The components of a vector can be negative 
Example s LON E 


y 


a unit vector 


Force vector 
— = direction is the same as direction of F 
magnitude of force 


magnitude = Ele = Te = | 


A familiar example Centripetal acceleration a of an object moving in a circle 


: vi 
magnitude aa 


direction -($) 


2r 
so ge- = 


Resultant is not 
ISN+ION=25N 


Add the iwo vectors using the triangle rule Add the two vectors using components 


Magnitude of resultant Components of resultants 


Direction of resultant check thaf these are equal fo the components of the 


Q=- == resultant that you drew using the Triangle rule. 
Check your answers on p.7 before restarting the tape 


6) Adding many vectors 


$F aoo Scale: lem = 10N 


Addifion using components 


component component 
= y 


-30N -ION 
-ION —-40ON 
+15.N —-20N 


+35N +1ON 


Era +ION -60N 


Check that these components aqree 
with the components of the vectors 
drawn on the diagrams. 

IF you have difficulty , take 
another look at the answer to 
the problem in Frame 5. 


€? Subtracting vectors 


Ei A same magnitude as f, 


what is p- F? opposite direction to F, 
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© A simple mechanics problem 


What is the velocity of the object 
atime t? 


u 


The WRONG way ! Newton's 2% law : F 


constant acceleration equation : 


The Vector way! Newton's 2°4 law : F=ma, so a=F/m Se Ne 


consfant acceleration equation : uta WISP ES Sai ress 


MODs SO. =) Be ee line | 


y can be determined Sn 
using triangle addition: 


Alternatively , determine y using components : 


Ve = Uxtaxt = ux + Fyet/m; Vy = Uyt ayt =uyt+ Fy t/m 


Then v = /vi+vi, and tan O = vy / vx 


A numerical example 


If F=30N and u= 20 ms“, 


what is the velocity after I5s ? 


Check your answer on p.& before restarting the tape 


© Multiplying a vector and a scalar 


mass m x acceleration a 


a vector 


magnitude ma 


direction same as 
direction of a 


© Multiplying Two vectors : definitions 


Scalar product / det product Vector product/ cross product 


, ~@ scalar a vector 
Cove no direction Coan ab sin © 
magnitude ab cos@ direction is perpendicular Yo both a and b 


and given by the right-hand rule 


The right-hand rule 


11) Multiplying two vectors : examples 


Scalar product Vector product 


torque T magnitude of torque =rFsin@ 
me Direction of torque: perpendicular 
to both rand F and given by 
the right-hand rule 


energy transferred = Fs cos O Thes, torge E= exe 
mas 


Exercises What are the scalar product g»b and vector product axb in the Five examples below? 


(i) a (it) (iil) f (iv) 
= P a 
— ~ 
b b + 
Check your answers on P.8 before restarting the tape = 


12) Dividing by vectors ? 


Dividing a vector by a scalar : y= 


Zo = 
Dividing a vecfor by a vector : S/o Teer 
Dividing a scalar by a vector : Yr X no meaning 


You cannot divide by a vector 


Solving a vector equation 
E=ma What is m equal to ? 


m= T/a ? No! 
JE = [ma] = mja], or F=ma 


So m=Ff, a scalar equation 
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Answers to problems in the audiovision sequence 


Frame 3 (i) The components of the force are F, = 2.5 N and F, = —2.0N. These 
were determined by measuring the length of the arrow in the x- and y-directions and 
using the scale quoted. The negative value of F, indicates that this component is in 
the direction of decreasing y, i.e. the negative y-direction. 


Alternatively, the length of the vector arrow could be measured—it is 3.2 cm—and 
the scale used to deduce that the magnitude of the force is 3.2 N. The angle between 
the vector and the horizontal is about 39 degrees. The components of the force can 
then be deduced from the following relations: 


F, = F cos 9 = 3.2 N x cos 39° = 2.5 N 
F, = —F sin 0 = —3.2N x sin 39° = —2.0 N 


The first method—reading off values of F, and F, from the diagram—is obviously 
the simpler when the vector is drawn on graph paper. However, the second method 
is more generally applicable, and it allows us to determine the components when we 
are given values of the magnitude and direction of the vector. 


(ii) The magnitude of vector p is given by Pythagoras’ theorem: 
P = (pz + ps)? = (9? + 127)? kgms™! = 15kgms™! 
The angle 6 to the x-axis is given by 
tan 0 = p,/p,., 1.6.0 = 53° 
Frame 5 The addition of the two vectors by the triangle rule is shown in Figure 1. 
The original vectors were drawn to a scale of 1 cm = 2 N, and using this scale the 


resultant force has a magnitude of 21.3 N. This resultant force is at an angle of 28 
degrees to the x-axis. 


Making use of components: 


Force x-component y-component 
1SN 9N 12N 
10N 9.8 N —2N 
resultant 18.8 N 10N 


and the components of the resultant are the same as the components of the resultant 
shown in Figure 1. 
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Figure 1 (Answer to problem in Frame 5) 


Frame 8 As shown in the Frame, the velocity is given by v = u + Ft/m. You can 
determine the velocity by triangle addition of the vectors u and Ft/m, as shown in 
Figure 2. The magnitude of the velocity is 58 m s~ + and the direction is 13 degrees 
above the horizontal. Alternatively, you can use components to work out the velocity. 
With the x- and y-axes in the directions shown in Figure 2, 


v, = U, + Ft/m 
= (20m s™* x cos 30°) + (30N x cos 30° x 15 s/10 kg) 


= 563ms ! 
v, = u, + Fyt/m 
= (—20ms! x sin 30°) + (30N x sin 30° x 15s/10 kg) 
= 12S s= 
Thus v = ./v2 + of = ./56.37 + 12.5? m s~! = 57.7 m s7! 


and tan 0 = v,/v, = 12.5/56.3, i.e. 0 = 12.5 degrees. 


This agrees with the less-accurate estimate obtained above by triangle addition. 
It is important to note once again that if you ignored the vector nature of forces and 
velocities and wrote v = u + Ft/m, then you would get v = 65m s` t. This is in- 
correct! What is more, ignoring vectors would mean that you could not specify the 
direction of motion. 


Frame 11 The scalar product a - b (or ą - b) is always a scalar (!), and its magnitude 
is ab cos 9. So the scalar products are: (i) ab (as cos 0° = 1), (ii) —ab (as 
cos 180° = — 1), (iii) 0 (as cos 90° = 0), (iv) 0.87 ab (as cos 30° = 0.87), (v) 0.87 ab. 


The vector product a x b(ora x b) is always a vector, with magnitude ab sin 0, and 
direction perpendicular to a and b given the right-hand rule. So the vector 
products are: (i) 0 (as sin 0° = 0), (ii) 0 (as sin 180° = 0), (iii) magnitude ab (as 
sin 90° = 1), perpendicularly into the page, (iv) magnitude 4ab (as sin 30° = 4), 
perpendicularly into the page, (v) magnitude łab, perpendicularly out of the page. 


TV5 Juggling with physics 


In the TV programme, TV5 Juggling with physics, we use examples taken from the 
circus to revise some of the main concepts of Newtonian mechanics. Analysing the 
examples involves the use of vectors to express the physical laws concisely in each 
particular situation. Many of the examples are complicated, and they need to be 
simplified in order to make the problem amenable to analysis. The ability to simplify 
a problem in this way is a skill that is acquired with practice, and there are SAQs in 
the Television Notes that will help you develop this skill. In order to obtain the 
maximum benefit from the programme, it is important that you study the worked examples 
in the Television Notes, and attempt all of the SAQs that are included there. 


Figure 2 


(Answer to problem in Frame 8) 


$271 UNIT 5 


Revision self-assessment questions 


In all of the following SAQs, you should use the approximation g = 10 m s™?. 


SAQ 1 Listed below are sixteen of the physical quantities that have been introduced 
in the Course so far. Which of these quantities are vectors, and which of them are 


scalars? 
acceleration mass time 
angular momentum momentum torque 
displacement period velocity 
distance potential energy work 
force power 
kinetic energy speed 


SAQ 2 A woman drives 20 km due east, then 30 km towards the north-east, and 
then 15 km towards the south-east. What is her final displacement from the starting 
point? 


SAQ 3 A stone is thrown horizontally with a speed of 20 ms~! (Figure 3), and it 
hits the sea 5 s later. 


Figure 3 (SAQ 3) 


(a) What was the height h from which the stone was thrown? 


(b) Use the appropriate constant acceleration equation to show that when the 
stone hits the sea, its speed is approximately 53.9 ms~!. 


(c) Use the law of conservation of energy to derive the result that you obtained in 
part (b). 


SAQ 4 (a) In outer space, a small rocket of mass 10° kg is travelling with a 
constant acceleration of magnitude 2 m s~? (Figure 4). The only forces acting on the 
rocket are the constant forces F, and F,, which are provided by its two engines. 
Both of these forces act in the plane of the diagram. If F, has the magnitude and 
direction shown in Figure 4, what is the magnitude and direction of F,? 


Figure 4 (SAQ 4) 
(b) If the speed of the rocket at a certain time, say t = 0, is 20 m s7 t, what is the 
speed of the rocket 10s later? How far will the rocket travel in this 10s interval? 


(c) What is the increase in the kinetic energy of the rocket in the 10s interval 
considered in part (b)? 


(d) By considering the two forces acting on the rocket, calculate the amount of 
energy transferred to it in the 10s interval considered in part (b). 


(e) Are your answers to parts (c) and (d) the same? Are you surprised? 


SAQ 5 (a) Under what condition(s) will a rigid object remain in a state of 
translational equilibrium? 


(b) Figure 5 shows two floodlights suspended by cables, and the cable in the middle 
is horizontal. What are the magnitudes T,, T, and T} of the tensions in the three 
sections of the cable? 


(c) What is the weight of the floodlight on the right in Figure 5? 


Tı 
Tə 


20kg 


SAQ 6 A woman of mass 50 kg is standing still in a lift that moves only upwards 
or downwards. Calculate the force exerted on her feet by the floor of the lift in the 
following cases: 


(a) when the lift ascends with a constant speed of 6 m s~}; 


(b) when the lift ascends with a constant acceleration of magnitude 1 ms~?; and 


(c) when the lift descends with a constant acceleration of magnitude 1 ms”. 


SAQ 7 (a) Under what condition(s) will a rigid object remain in translational 
and rotational equilibrium? 


(b) A door that is 2m high and 0.8 m wide consists of a uniform wooden slab of 
mass 30 kg supported by two hinges of negligible mass. The hinges are fixed on one 
of the longer sides of the door, 0.3 m from the top and bottom respectively. What 
are the horizontal components of the forces exerted by each hinge on the door? 


(c) Is it possible to calculate the vertical components of the forces exerted by the 
hinges on the door considered in part (b)? Explain your answer carefully. 


SAQ 8 A boulder of mass 150 kg is at rest on a plane that is inclined at 30 degrees 
to the horizontal. A constant force that is directed parallel to the plane is then used 
to slide the boulder 10 m up the incline. Calculate the minimum amount of energy that 
must be transferred by the force in the following cases: 


(a) when the surface of the plane is perfectly smooth; and 
(b) when the coefficient of dynamic friction between the boulder and plane is 0.7. 


SAQ 9 (a) State the law of conservation of momentum, and define the term 
“elastic collision’. 


(b) Two cars, A and B, are moving across the surface of a perfectly smooth sheet 
of ice. Car A has a mass of 1 000 kg, and is travelling in a northerly direction at 
40 ms '. Car B has a mass of 700 kg, and is travelling in an easterly direction at 
27 m s` !. The cars subsequently collide and lock together. Assuming that the locked- 
together pair of cars do not rotate around their centre of mass, what is their velocity 
after the collision? 


(c) Is the collision in part (b) elastic? 


SAQ 10 A lift is connected to a wheel by a cable of negligible mass (Figure 6). By 
turning the wheel in the appropriate direction, the lift can be raised or lowered. 


(a) The wheel has a radius of 1 m, and its narrow rim of mass 100 kg is supported by 
spokes of negligible mass. What is the wheel’s moment of inertia about its axle? 


(b) If the wheel rotates at 120 r-p.m., what is the linear speed of the lift? 


(c) When the wheel raises the lift steadily at the linear speed calculated in part (b), 
the motor turning the wheel dissipates 70 kW of power. Assuming that there are no 
power losses, calculate the total mass of the lift and its contents. 


(d) With the motor disconnected, the empty lift falls freely from rest through 24 m 
to the bottom of the lift shaft. As the lift falls, the wheel begins to turn, because the 
two are connected by the cable. If the mass of the empty lift is 500 kg, at what speed 
does the lift hit the bottom of the shaft? 


10 


Figure 5 (SAQ 5) 


Figure 6 (SAQ 10) 


cable of 
negligible 
mass 
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SAQ 11 (a) State the law of conservation of angular momentum. 


A planet of mass 10?” kg orbits a star (Figure 7), and at point X the speed of the planet 
is 20 km s~ +. The gravitational force acting on the planet is the only force that acts 
on it. Assume that the star’s position remains fixed in space. 


(b) When the planet is at point X, what is its angular momentum about the star? 


(c) When the planet is at point Y (Figure 7), what is its speed? 


20km s~! 


3.7 x 10®km 


Figure 7 (SAQ 11) 


SAQ 12 (a) Write down the relationship that connects the force on an object 
with the rate of change of its potential energy. 


(b) Figure 8 shows the variation of the potential energy of two atoms with their 
separation. (Note that 1 nm = 107° m.) At what separation will the two atoms be in 
equilibrium? 


(c) For what range of separations is the force in Figure 8 attractive, and for what 
range of separations is it repulsive? 


(d) What is the maximum magnitude of the attractive force between the atoms in 
Figure 8? 


tes cere vaca feat 


separation x/nm 


Figure 8 (SAQ 12) 


3.1 Important mechanics concepts and related SAQs 


Study Comment In the following Table we have listed (in alphabetical order) 
some of the most important concepts in Units 2-4, together with SAQs that 
test your understanding of them. This Table should help you when you are 
revising. For example, if you are not sure that you can correctly apply the law of 
conservation of momentum, the entry ‘momentum conservation’ in the Table 
advises you to try SAQs 8, 9, 11 and 26 in Unit 3. 
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Concept SAQs involving the concept 
angular momentum Unit 4: 22-24 
centre of mass Unit 3: 27, 28 


circular motion, centripetal force and 
acceleration 


conditions for translational and rotational 
equilibrium 


constant acceleration equations Unit 2:1, 2 


Unit 2: 10, 11; Unit 3: 30-32 


Unit 4: 1, 2, 10, 11, 17, 18 


elastic collisions Unit 3: 11, 26 

energy transfer AE = F-s Unit 3: 12, 13, 16-18; Unit 4: 16 
energy transformations Unit 3: 17, 19-21; Unit 4: 16, 19 
force—potential energy relationship Unit 4: 20, 21 

momentum Unit 3: 5, 6 

momentum conservation Unit 3: 8, 9, 11, 26 

Newton’s laws of motion Unit 3: 1-4, 7 

projectiles—use of constant acceleration 

equations in two dimensions Unit 2: 5-9 

rotational kinetic energy Unit 3: 29 

stability of equilibrium Unit 4:9 

torque Unit 4: 5, 6, 8 

vectors—addition Unit 3: 2; Unit 4: 1 


—components 
—scalar product 
—vector product 


SAO answers and comments 


In these answers, we have gone to considerable trouble to clarify 
the role of vectors in solving problems in mechanics. As usual, 
vectors are printed in bold type in the text: for example, the accelera- 
tion vector is printed as a. However, in the diagrams, vectors have 
been printed in the way you should have written them—with a curly 
line underneath the symbol. For example, you should write the 
acceleration vector as a. Note that the diagrams included with these 
answers are the sort of diagram we think you should have sketched 
for yourself when attempting these SAQs. 


SAQ 1 Seven of the listed physical quantities are vectors and nine 
are scalars. If any of your answers were wrong, refer to the Unit in 
which the appropriate quantities were first introduced. 


Vectors: acceleration (Unit 2); angular momentum (Unit 4); 
displacement (Unit 2); force (Unit 3); momentum (Unit 3); torque 
(Unit 4); velocity (Unit 2). 


Scalars: distance (Unit 2); kinetic energy (Unit 3); mass (Unit 3); 
period (Unit 2); potential energy (Unit 3); power (Unit 3); speed 
(Unit 2); time (Unit 2); work (Unit 3). 


SAQ 2 The total displacement can be found either by using the 
triangle rule, or by adding components. Figure 9 shows the first 


ei 


resultant 


20 km 


Figure 9 (For use with answer to SAQ 2) 
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Unit 3: 5, 6; Unit 4: 1 
Unit 3: 12, 16, 24; Unit 4: 7, 16 
Unit 4: 7, 8, 22, 24 


method. The three individual displacements are drawn to scale 
(1 km: 1 mm) and in the correct directions. The resultant displace- 
ment joins the free vector tail to the free vector head. Careful 
measurements show that the magnitude of this displacement is 
approximately 53 km and that its direction is approximately 12 
degrees north of east. 


The answer can also be obtained by adding the components of the 
displacement vectors: 


Displacement Easterly component Northerly component 
20 km E 20 km 0 km 
30 km NE 21.2 km 21.2 km 
(=30 km x cos 45°) (=30 km x sin 45°) 
15 km SE 10.6 km —10.6 km 
(=15 km x cos 45°) (=—15km x sin 45°) 
Total 51.8 km 10.6 km 


We can find the magnitude of the total displacement using 
Pythagoras’ theorem: s = (51.8? + 10.67)!? km = 52.9km. Its 
direction is 0 = 11.6 degrees. This answer is almost identical to the 
one obtained using the triangle rule. The two methods should, in 
principle, give the same answers, but the accuracy of the triangle 
rule method is limited by the accuracy with which measurements 
can be made from a hand-drawn diagram (Figure 9). If you had any 
trouble with this question, refer to Frames 5 and 6 of this Unit’s 
audiovision sequence. 


SAQ 3 (a) 125m. This is an example of a projectile problem. 
As the object moves with a constant acceleration, we make use of 
the constant acceleration equations. The first step is to set up a 
coordinate system, as in Figure 10. With the axes as shown, the 
information given in the question is (in the usual notation), 


u, = 20 m s~}, 


a,=Oms ’, 
time of flight t = Ss 


initial position is at the origin, x = 0, y = 0. 


yf 


Figure 10 (For use with answer to SAQ 3) 


The height h is the magnitude of the y-component of displacement 
sy after 5 seconds and can be found from the constant acceleration 
equation 
sy = uyt + 4a,t? 
=(0 x 5)m+( x —10 x 25)m 
= —125m 


height = 125m 


(b) The speed after 5 seconds can be found by separately evaluating 
the x- and y- (horizontal and vertical) components of velocity after 
5 seconds. The appropriate constant acceleration equations are 


Dy, = Uy +.Axt and vy = uy + ayt 
= (20+ 0 x 5)ms = (0 — 10 x 5)ms"? 
=20ms 1 = —50ms! 


The final speed is therefore 


v = (v2 + vy)? 
= (400 + 2500)'/2 m s~! 
= 53.9ms * 


(c) When the stone (of mass m) was thrown, its total energy 
Exo, Was 
E, œ = potential energy + kinetic energy 
= mgh + mu? 
(m x 10 x 125) + (4m 207) 
= 1450 xm 


where we define the potential energy of the stone to be zero at sea- 
level. When the stone hits the sea, its potential energy must be, by 
definition, zero, so its total energy is equal to its kinetic energy, 
4mv?, where v is its speed. The law of conservation of energy tells us 
that the total energy of the stone is constant: 


total energy of the stone _ total energy of the 
when it hits the sea ~ stone when thrown 
4mv* = 1450 x m 
ie. v= ./2900ms ' 
= 53.9ms_'. 
Thus, we obtain the same result for the speed of the stone when it 


hits the sea, whether we use the constant acceleration equations or 
the law of conservation of energy. 
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SAQ 4 Inorder to answer this question, it is a good idea to begin 
by choosing a suitable coordinate system and drawing a diagram 
(Figure 11). We know that the total force (F, + F ) acting on the 
rocket gives it an acceleration of magnitude 2m s7? in the x- 
direction. Newton’s second law tells us that 


mass of $ acceleration of 
rocket rocket 
ie. x-component of net mass of x-component of 
force on rocket rocket rocket’s acceleration 


net force'on rocket = 


= (10° kg) x (2ms ”) 
= 2000N 


As the x-component of F, is 866 N (i.e. 1000 N x cos 30°), the 
x-component of F, must be 2000 N — 866 N = 1 134N. 


+—— 1000 cos 30° N—— 


——_> 
jal=2ms* 


=E cos —> 


Figure 11 (For use with answer to SAQ 4) 


The y-component of the rocket’s acceleration is zero, so Newton’s 
second law tells us that the y-component of the net force on the 
rocket is also zero. Because the y-component of F, is — 500 N (i.e. 
—1000N x sin 30°), the y-component of F, is +500 N. 


The magnitude of F, is given by 


/(1134.N)? + (500 N}? = 1239 N 


The direction ġ of the F, vector can be found using the equation 
tan @ = 500/1134, i.e. ọ = 23.8°. 


(b) Using the constant acceleration equation v = u + at and 
considering only the x-components of the quantities involved 
v, = 20 + (2 x 10)ms"? 
=40ms ! 


The velocity v of the rocket has no y-component, so the speed of 


rocket when t = 10sis40ms_?. 


Using the constant acceleration equation s= ut + łat’, and 
considering only the x-components of the quantities involved 


s, = (20 x 10) + G x 2 x 10°) metres 
= 300m 


The displacement s of the rocket has no y-component, so the distance 
travelled by the rocket is 300 m. 


(c) The increase in the rocket’s kinetic energy is, in the usual 
notation, 


AE xin = 


mv? — fmu? 
m(v? — u?) 
= 500 (40? — 207) joules 
=6x 10°J 
(d) The energy transferred by the forces is given by the usual 
equation AE = F - s, where F is the total force acting on the rocket 


y= 


Nie 
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and s is its displacement. We know that 
F -s = Fs cos 6, 


where @ is the angle between the vector F and the vector s. In this 
case 0 = 0°, since the total force F and s both point in the x-direction. 
From part (a), the magnitude F of the total force is 2 x 10° N and, 
from part (b), s is 300 m. Hence, the energy transferred to the rocket 
is (2 x 10° N) x (300m) = 6 x 10°J. 


(e) The two answers are the same. You should not be surprised at 
this, as the increase in kinetic energy of an object that moves through 
displacement s under the action of a constant total force F is simply 
equal to F-s. You met this result in Unit 3. 


SAQ 5 (a) An object will remain in translational equilibrium 
if the sum of all the forces acting on the object is zero, i.e. XE =0 


(Unit 4). : 


(b) T, =400N, T, = 346N and T} = 692N. As each of the 
floodlights is in equilibrium, the sum of all the forces acting on each 
of them is equal to zero (see part (a)). This condition implies that, 
for each floodlight, the sum of the vertical components of the forces 
acting on it is zero, and the sum of the horizontal components of the 
forces acting on it is also zero (Figure 12). 


W newtons 


200 newrons 
Figure 12 (For use with answer to SAQ 5) 
Sum of the vertical components of the forces acting on the left flood- 


light = 0. 
T, sin 30° — (20 kg x 10ms~2) =0 


(T, x 0.5) — (200 N) = 0 
T, = 400N 


Sum of the horizontal components of the forces acting on the left 
floodlight = 0. 


T, — T, cos 30° = 0 
T, — (T, x 0.866) = 0 
T, = 0.866 T, 
As T, = 400 N (see previous calculation), T, = 346.4N ~ 346 N. 


Sum of the horizontal components of the forces acting on the right 
floodlight = 0. 


T; cos 60° — Pn = 0 
(G x 0.5) — Tz =0 
1215 
As T, = 346.4 N (see previous calculation), T4 = 693 N. 
(c) The weight of the right floodlight is 599 N. 


Sum of the vertical components of the forces acting on the right 
floodlight = 0. 


Let W equal the magnitude of the weight of the right floodlight 
T; sin 60° — W = 0 
(T} x 0.866) —- W =0 
W = 0.8667; 
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As T; = 693 N (from part (b)), W = 600N. (Note that weight is a 
force so, strictly speaking, we should say that the weight of the right 
floodlight is a vector of magnitude 600 N, directed downwards!) 


SAQ 6 (a) The force exerted has a magnitude of 500 N, and is 
directed upwards. In the different parts of this question, you are 
asked to find the force exerted on the woman’s feet by the lift when 
they have different accelerations. In each part, you must therefore 
use Newton’s second law 

force Free: exerted on the ) = ) 

wee feet by the lift floor weight 


her her 
= x i 
mass acceleration 


: pr — (ber, her ) her (1) 
a feet \mass ` acceleration weight 

ere 

weight 


Figure 13 (For use with answer to SAQ 6) 


In part (a), she is travelling at constant speed, so her acceleration 
is zero. (The forces acting on her are shown in Figure 13). Equation 
1 then implies that 
Freee = — (her weight) 
—(50 kg x 10 m s~? downwards) 
= —500 N downwards = +500 N upwards. 
(b) 550 N upwards. Equation 1 (stated in part (a)) tells us that, in 
this case, 
Free. = (50 kg x 1 ms~? upwards) — 500 N downwards 
= 550 N upwards. 

(c) 450 N upwards. Equation 1 (stated in part (a)) tells us that, in 
this case, 

Fie = (50 kg x 1ms~* downwards) — 500 N downwards 

Fie = —450 N downwards 

Free, = 450 N upwards. 


ll 


SAQ 7 (a) Ifanobject is to remain in translational and rotational 
equilibrium, the sum of the forces acting on it must equal zero 
(È F; = 0) and the sum of the torques acting on it must also equal 


zero () T; = 0). You first met these ideas in Unit 4. 


(b) Before beginning to solve this problem, it is very important to 
draw a labelled diagram that shows all the forces acting on the door, 
and to set up a suitable coordinate system (Figure 14). In our 
diagram, the x-axis is in the horizontal direction and the y-axis is in 
the vertical direction. The weight of the door has a magnitude 
of 300 N (=30kg x 10 ms 7”) and it acts in the downward direc- 
tion, at the door’s centre of mass (Figure 14). The x- and y- 
components of the forces on the door’s top and bottom hinges are 
also shown in the Figure. 


To find F,, and F,, (as we are asked in this question), we must 
apply the condition of rotational equilibrium Or ; = 0), remem- 


bering that the torque F of a force F that acts at a point with position 
vector r from a pivot is given by I = r x F (Unit 4). 


300N 


Figure 14 (For use with answer to SAQ 7) 


Sum of all torques about the top hinge = 0 


300 N x 0.4m, F,, X 1.4m, 
directed into the page directed out of the page 


Hence, F,, = (300 N x 0.4 m)/(1.4 m) = 86 N. 


In the first term (the torque due to the weight), we have used the 
fact that r sin 0 = 0.4 m as shown in Figure 14. 


Sum of all torques about the bottom hinge = 0 


Eg x 1.4m; 300 N x 0.4m, = 
directed into the page + directed into the page} — 


Hence F,, = (—300 N x 0.4m)/(1.4m) = —86N. 


The negative sign indicates that the force F, is directed towards the 
left, away from the door, rather than into the door as shown. 


(c) No, it is not possible to determine the individual vertical force 
components, F,, and F,,,. As the door is in translational equilibrium, 
the sum of the vertical components of the forces on the door must 
equal zero: 


F, + Foy — 300N = 0 
ie. Fy + Fa = 300 N. 


(We could have obtained the same result using the condition for 
the rotational equilibrium of the door about its centre of mass.) 
The above equation tells us only about the sum of F,, and F,,—it 
does not tell us about the values of the individual components. Thus, 
for example, the door could be in equilibrium with all of its weight 
supported by the top hinge (F,, = 300 N, F,, = 0), or with all its 
weight supported by the bottom hinge (F,, = 0, F,, = 300 N). The 
most likely situation is somewhere between these extremes. 


SAQ 8 (a) The energy transferred by the force is 7500 J. 
Figure 15a shows the forces acting on the boulder, whose weight 
has a magnitude of 1 500 N (= 150 kg x 10ms~?). The vector R is 
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the force exerted on the boulder by the plane. Figure 15a also shows 
a suitable coordinate system. The minimum energy transfer will 
occur if the applied force (which acts in the x-direction) moves the 
boulder at constant speed, i.e. with zero acceleration). The net force 
in the x-direction will then be zero, i.e. 


F, — (1500N x sin 30°) = 0 
ie. F, = 750 N 


The energy AE transferred by the constant force F is given in general 
by AE = F -s where s is the displacement vector over which the 
force acts. In this question, F and s are both in the x-direction, and 
so AE = F,s,. Ass, = 10m, AE = 750 N x 10m = 7500J. 


(b) The energy transferred by the force is 1.66 x 10* J. Figure 15b 
shows the forces acting on the boulder in this case—note that we 
have taken into account the frictional force f4 acting on the boulder. 
As in part (a), 


energy transferred by 


: = Fys 
forces acting on boulder ee 


where są = 10m, and where F, is equal and opposite to the sum 
of the x-components of the weight W of the boulder and of the 
frictional force f4. This frictional force is the force of dynamic 
friction, which you met in Unit 4. Its magnitude is given by 


component of 
fa = (coefficient of dynamic friction) x | weight perpendicular 
to the plane 


= 0.7 x (1500N x cos 30°) 
= 909 N 


Hence, the energy that must be transferred in order to move the 
boulder is 
AE = F,s, = [fa + W sin 0]s, 
= [909 N + (1 500N x sin 30°)] x 10m = 1.66 x 10*J 


~~ 1500 sin 50°N 


R 


1500 sin 30° N 


Figure 15 (For use with answer to SAQ 8) 


SAQ 9 (a) The law of conservation of momentum states that 
for an isolated physical system, the total momentum is constant. 
For a system of colliding objects, their total momentum before the 
collision is equal to their total momentum after the collision. An 
elastic collision is a collision in which kinetic energy is conserved. 


(b) The velocities of A and B before and after the collision are 
shown in Figure 16: the velocity of the locked-together pair of cars 
is denoted by v, and the north and east components of this vector 
are denoted by vy and vz respectively. As the cars move across a 


before the 
collision 


after the 
collision 


3< 


Figure 16 (For use with answer to SAQ 9) 


perfectly smooth sheet of ice, we can regard the colliding cars as 
an isolated physical system. We can, therefore, use the law of 
conservation of momentum, which implies that each component of 
total momentum is conserved in the collision. Consider, first, the 
north components of the total momentum: 


north component of the 
momentum of the locked- 
together pair of cars after 
collision 


north component of the 
total momentum of the | = 
cars before collision 


(1 000 kg x 40 m s~ +) + (700kg x 0ms™t+) = (1700kg x vy) 

i.e. 40 000 kg m s~ + = 1700 vy kg 

Le. ty — 235m s-* 

Considering the east components of the total momentum: 
700 kg x 27 ms™' = 1700kg x vg 

1 


Le. vp = 1l.1ms™ 


Using Pythagoras’ theorem, the speed v of the locked-together pair 
of cars is v = \/va + of = \/(23.5)? + (11.1)? = 26ms~'. The 
angle 0 between the direction of motion of the pair of cars and the 
easterly direction is given by tan 0 = 23.5/11.1, i.e. 0 = 64.7°. 


(c) No. In order to answer this question we need to find out 
whether kinetic energy is conserved in the collision. The data given 
in the question tells us that before the collision, 


Exin = Ġ x 1000 x 407 J) + G x 700 x 27° J) 
= 1.1>x:10°J 


The answer to part (b) allows us to show that after the collision, 


Because the total kinetic energy before the collision is not equal to 
the kinetic energy after the collision, the collision is, by definition, 
not elastic. In this case, approximately 5.3 x 10°J of the kinetic 
energy of A and B are dissipated in deforming the cars, and as sound, 
heat, etc. By the way, it is worth remembering that whenever you 
have to solve collision problems, you nearly always have to use the 
law of conservation of momentum. Also, you should remember that 
collisions between everyday objects, such as cars, are never com- 
pletely elastic. 
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SAQ 10 (a) Because the entire mass of the wheel is at the same 
distance from the axle, the wheel’s moment of inertia J is given by 
the product of its mass and the square of its radius, J = 100 kg x 
(1 m}? = 100 kg m?. (You met the definition of moment of inertia 
in Unit 3.) 


(b) The linear speed of the lift is 12.6 m s~ +. As the frequency f of 
the wheel’s rotation is 2 revolutions per second, the angular speed 
œ of the wheel is given by 


1 1 


@ = 2nf = 2r x 2 radians s~ * = 4r rad s~}. 


The linear speed v of a point on the rim of the wheel is given by the 
formula v = wr, where r is the radius of the wheel (Unit 3). Hence 


v=4n x lms '=126ms_?. 


(c) The total mass of the lift and its contents is 556 kg. Consider 
the motion of the lift and its contents in one second, and define the 
total mass of the lift and its contents to be M: 


energy expended by \ _ /potential energy gained by 
motor in one second} (lift in one second 


70 x 10° J = M x g x (height raised in 1 s) 
T x 10*J = M x (10ms~? x 12.6m) 
i.e. M = 556 kg 


(d) The lifts speed is 20 ms“! when it hits the bottom of the shaft. 
Apply the law of conservation of energy: 


gain in kinetic gain in rotational _ floss of potential 
energy of lift kinetic energy of wheel) —_\ energy of lift 


(2) 


The rotational kinetic energy of the wheel is given by E,,, = 4Iw?, 
where œ is its angular speed. From part (a) we know that the 
moment of inertia J of the wheel is 100 kg m?. The angular speed œ 
of the wheel when the lift hits the ground with speed vyr is given by 
@ = (vj5,)/r, where r is the radius of the wheel. Hence, using 
equation 2, 


G x 500kg x vån) + Œ x 100kg m? x vj,,/1 m°) 
= 24m x 10ms ? x 500kg 


i.e. vén = (1.2 x 105/300) m? s~? 


ie. Vif, = 20ms—*. 


SAQ 11 (a) According to the law of conservation of angular 
momentum, the angular momentum of a system remains constant 
if the total torque acting on the system is zero. In the context of this 
question, the angular momentum of an object about a point P is 
constant if the object is subject only to a net central force (i.e. to a 
force that is directed towards the point P and therefore exerts no 
torque about P). 


(b) The angular momentum of the planet has a magnitude of 6.4 x 
10°! kgkm?s~! and it is directed out of the page. The angular 
momentum L of an object is given by the formula 


L = m(r x v) 


where m is the mass of the object, and where v is its velocity when its 
position vectọr is r (Unit 4). This formula implies that the magnitude 
of L is given by 


|L| = m|r||v|sin 6 


where @ is the angle between the position vector and the velocity 
vector. At point X, |r| = 3.7 x 10®km, |v| = 20kms~! and 
0 = 60°. Hence 


IL] 


10°? kg x 3.7 x 108 km x 20kms™t x sin 60° 
= 6.4 x 10°! kg km? s~! 


The direction of L is given by the right-hand rule: the vector is 
directed out of the page. 


(c) The speed of the planet is 54 km s™' when it is at point Y. In 
order to answer this question we first note that, since the planet is 
subject only to a central, gravitational force, its angular momentum 
will be conserved. This implies that the planet’s angular momentum 
at point Y will be equal to its angular momentum at point X. We 
can therefore equate the magnitudes of the angular momenta at 
points X and Y: 


magnitude of planet’s _ [magnitude of planet’s 
angular momentum at X} \angular momentum at Y 


Using the answer to part (b), and denoting the speed of the planet 
at Y by vy 


6.4 x 10931 kgkm?s~! = 10 kg x 1.2 x 108km x vy x sin 80° 
54kms_?. 


Hence vy 


SAQ 12 (a) The relationship between force and potential 
energy was introduced in Unit 4. The x-, y- and z-components of 
the force F are: 


You may be puzzled that we have written these equations in terms 
of the components of F. This is because, in this Course, we have not 
developed a notation that enables the equations to be written in 
vector form. It is a common error to write 
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This is wrong because the right-hand side of this equation does not 
make sense—remember from Frame 12 of this Unit’s audiovision 
sequence that you can never divide by a vector. 


(b) 0.2nm. When the atoms are in equilibrium there is no net 
force on them. As F, = —dE,,,/dx, the atoms will be in equilibrium 
when dE,,,,/dx = 0, i.e. when the gradient of the potential energy- 
separation graph is zero. This occurs when the separation of the 
atoms is 0.2 nm (Figure 8). Because the atoms’ potential energy has 
a minimum value at this point, the equilibrium will be stable. 


(c) The force between the atoms is attractive when their separation 
is greater than 0.2 nm, and the force between them is repulsive when 
their separation is less than 0.2 nm. The force is attractive when F, 
is negative. Using the equation F, = —dE,,,/dx, we can conclude 
that the force is attractive when dE,,,,/dx is positive. Since dE,,,/dx 
gives the gradient of the potential energy—separation graph, we 
can conclude that the force between the atoms is attractive when the 
gradient of the graph in Figure 8 is positive. This occurs when the 
separation of the atoms is greater than 0.2 nm. 


Using the same type of reasoning, you can show that the force 
between the atoms is repulsive when their separation is less than 
0.2 nm. 


(d) The maximum magnitude of the attractive force between the 
atoms is approximately 1.8 x 107° N. Using the equation F, = 
—dE,./dx, we can conclude that when the force is attractive 
(Fx is negative), it has its maximum magnitude when dE,,,,/dx has 
its maximum positive gradient. According to Figure 8, this occurs 
when the separation of the atoms is about 0.27 nm, where the gra- 
dient is approximately 10° +8 J/(0.55 nm) = 1.8 x 107° N. 
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